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Abstract 
'NT 

^SJ ' We study a particular class of open manifolds. In the category of 

Riemannian manifolds these are complete manifolds with cylindrical 
. ends. We give a natural setting for the conformal geometry on such 

\^ I manifolds including an appropriate notion of the cylindrical Yam- 

l\ . abe constant/invariant. This leads to a corresponding version of the 

Yamabe problem on cylindrical manifolds. We affirmatively solve this 
Yamabe problem: we prove the existence of minimizing metrics and 
C^ ■ analyze their singularities near infinity. These singularities turn out 

to be of very particular type: either almost conical or almost cusp 
singularities. We describe the supremum case, i.e. when the cylindri- 
cal Yamabe constant is equal to the Yamabe invariant of the sphere. 

Cn ' We prove that in this case such a cylindrical manifold coincides con- 

formally with the standard sphere punctured at a finite number of 
points. In the course of studying the supremum case, we establish a 
Positive Mass Theorem for specific asymptotically fiat manifolds with 
two almost conical singularities. As a by-product, we revisit known 

^-^ ' results on surgery and the Yamabe invariant. Key WORDS: manifolds 

with cylindrical ends, Yamabe constant/invariant, Yamabe problem, 

C^ • conical metric singularities, cusp metric singularities. Positive Mass 

"'^ ' Theorem, surgery and Yamabe invariant. 

-(— > 

1 Introduction 

The goal of this paper is to formulate and solve a natural version of the Yam- 
K^ , abe problem for complete manifolds with cylindrical ends. Before describing 

}^ ' our main results in detail, we recall the classical situation. 

. . . 1 ^1. Classical Yamabe problem for compact manifolds. Let M be a 

smooth closed manifold (i.e. a smooth compact manifold without boundary) 
of dim Af = n > 3 and 7?,iem(M) the space of all Riemannian metrics on M. 

'Partially supported by the Grants-in-Aid for Scientific Research (C), Japan Society 
for the Promotion of Science, No. 14540072. 



> 



K. Akutagawa, B. Botvinnik, Yamabe metrics on cylindrical manifolds 2 



We denote by Rg the scalar curvature and by dag the volume form for each 
Riemannian metric g S TZiera^M). Then the (normalized) Einstcin-Hilbert 
functional Im ■ TZiem.{AI) — > R is defined as 

r . „ . . Im ^ad(^9 /IN 

Vol,(M)^ 

The classical Yamabe problem is to find a metric ^ in a given conformal 
class C such that the Einstein-Hilbert functional attains its minimum on C: 

-^Af (.9) = iuf Ih[{g) ='■ Yc{M). This minimizing metric g is called a Yamabe 

gee 

metric, and the conformal invariant Yc{M) the Yamabe constant. 

It is a celebrated result in conformal geometry that the Yamabe prob- 
lem has an affirmative solution for closed manifolds. This was proven in a 
series of papers starting with the work of Yamabe 1^. Although Yamabe's 
proof overlooked the fundamental analytic difficulty concerning Sobolev in- 
equalities with a critical exponent, the general strategy in [221 was correct. 
This difhculty is a profound one, and the proof was ultimately only cor- 
rected in stages, first by Trudinger ^], then by Aubin J , and was finally 
completed by Schoen pi]. Text-book style proofs are now available in ^U] 
and 123 ■ 

The second case when the Yamabe problem has a positive solution is 
when a manifold M has a non-empty boundary. In this case, the Einstein- 
Hilbert functional has to be restricted to metrics (and corresponding confor- 
mal subclasses) with a minimal boundary condition (see _4_). The resulting 
Yamabe problem was solved by Cherrier [21 and Escobar ^^ under some 
mild restrictions. 

^2. Yamabe problem for open manifolds. In the case of open man- 
ifolds, it is important to clarify what is a suitable version of the Yamabe 
problem which would capture the geometry of their ends. One reasonable 
version of the Yamabe problem is to find a complete metric of constant scalar 
curvature in a given conformal class. In this case, however, the concept of 
a minimizing Yamabe metric does not make sense, and there are serious 
difficulties in this area. Indeed, there are simple noncompact Riemannian 
manifolds (N, g) for which there does not exist any complete metric (confor- 
mal to g) of constant scalar curvature, (cf. |29j). Hence one needs to place 
some geometric restriction (e.g. curvature or injectivity radius bounds) near 
each end of a noncompact manifold in order to establish the existence of a 
metric of constant scalar curvature. 

A more specific version of the Yamabe problem for open manifolds is 
the singular Yamabe problem, i.e. when an open manifold TV is a complement 
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N — M \'E oi a submanifold S of a closed Riemannian manifold (M, g) . 
Then the singular Yamabe problem is to find a complete metric g that is 
conformal to 5 on M \ E and has constant scalar curvature, see JJj , [3S] for 
earlier results and also [20] for a survey of results in this area. Here again 
the concept of a minimizing Yamabe metric is not well-defined. 

^3. Cylindrical manifolds. In this paper, we consider a particular class 
of open manifolds, which we call cylindrical manifolds. These are open man- 
ifolds with tame ends equipped with a cylindrical metric on each end. Cylin- 
drical manifolds are well-known objects in geometry and topology. First of 
all, these manifolds are well-suited for the Dirac operator on complete man- 
ifolds, as was shown first by Gromov and Lawson in [22|. Secondly, these 
objects are well known in gauge theory, where cylindrical manifolds have 
been thoroughly studied, see for example the books [2I| and [HHI IMl ETj . 
We remark that Z/fc-manifolds (as geometric objects) can be thought of as 
cylindrical manifolds with k identical cylindrical ends (see |16| for results 
on the existence of positive scalar curvature on Z/fc-manifolds). 

There are several other constructions in geometry where cylindrical 
manifolds show up as natural limit manifolds. The first example comes from 
the work describing the process of bubbling out of Einstein manifolds, see 
[7], 23 and ^21- Here it is known that for a sequence of Einstein manifolds 
{Xi,gi) (with some natural restrictions on their geometry) there exists a 
subsequence (Xi , gi ) which converges (in the Gromov-Hausdorff topology) 
to a compact Einstein orbifold {Xao, goo) with a finite set of singular points. 
Let Up be an open neighborhood of a singular point p G ^00 • Then the 
tangent cone of Up\{p} at p is conformally cylindrical, although Up\{p} itself 
need not be. Thus a cylindrical manifold (with an appropriate conformal 
metric) can be thought of as a linear approximation of the Einstein orbifold 
(Xoo , (?oo ) (see for the relation of this approximation to the Yamabe 
invariant of orbifolds) . 

The second example is related to the Yamabe invariant Y{M) = 
supc- Yc{M) of a compact manifold M, see [2^1 and [3H|. It was shown that 
Y{S"~^ X 5*^) — Y{S"-), i.e. there exists a sequence of conformal classes 
Ci and Yamabe metrics gi S Ci such that the limit lim^ Yc'i(*S'"~^ x S^) = 
Y{S^). The sequence of Riemannian manifolds (5'"^^ x S^,gi) converges to 
the standard sphere S'"(l) identified with two antipodal points, see [21], |36j . 
After deleting the singular point, the punctured sphere is conformally equiv- 
alent to the canonical cylindrical manifold S'"~^ x R. In the general case of a 
closed manifold M with positive Yamabe invariant, there is also a compact- 
ness result. In Q, [2], the first author proved that, under some restrictions, 
for a sequence of Yamabe metrics gi on M satisfying lim.; Y[g.](Af) — Y{M) 
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there exists a subsequence gi^ of (ji such that (M, gi^ ) converges (in the 
Gromov-Hausdorff topology) to a compact metric space (Moo, goo), which 
is a smooth Riemannian manifold away from a finite number of singular 
points. Again, a cylindrical manifold (with an appropriate conformal metric) 
serves here as a linear approximation of the limit singular space (-/V/oo,5oo)- 
For a given closed manifold M, it is a challenging problem to find a 
nice sequence of Yamabe metrics cji satisfying lim.iYig.UM) — Y{M) such 
that {M,gi) converges to a singular Riemannian space (Moo,5oo), and to 
understand the limit singular space (Moo, goo) with bubbling out spaces. In 
our view, cylindrical manifolds may provide a typical conformal model of 
such a limit singular space (Moo,5oo)- 

^4. Yamabe problem for cylindrical manifolds. In the smooth cate- 
gory, a cylindrical manifold X is an open manifold with a relatively compact 
open submanifold W C X with dW = Z such that X\W = Z x [0, oo), 
where Z = [J^^j^ Zj and each Zj is a connected closed (n — l)-manifold. 
Throughout this paper, we always assume that X is connected. 

To formulate an appropriate notion of conformal class on cylindrical 
manifolds requires some care. As a reference metric, we start with a cylin- 
drical Riemannian metric g on X, i.e. g{x,t) = h{x) + dt^ on Z x [l,cx)), 
for some metric h on Z. We denote doog = h- Let [g] denote the conformal 
class containing g. Clearly the Einstein-Hilbert functional Ix (given by (0) 
restricted to the conformal class [g] is not well-defined since the scalar cur- 
vature may not be integrable and the volume may be infinite. Consider the 
Dirichlet form 



Q{X,g){u) 



Ix '-^\du\' + Rs^ 



dag 



{k 



-'d<Jg 



on the space C^{X) (of smooth functions on X with compact support) 
associated with the conformal Laplacian of {X,g). The functional Q{x.g) 
suggests the following natural setting for the Yamabe problem on cylindrical 
manifolds. 

First, we define the L,' -conformal class [g]^i-,2 consisting of all met- 
rics M^^^2 . g^ where u is a smooth positive function on X and u £ Lg' (X), 
k = 1,2. Here Lg' (X) denotes the Sobolev space of square-integrable func- 
tions on X (with respect to g) up to their fc-th weak derivatives. Then 
the functional Q(x.g) is well-defined on the space C'!^{X) n Lg' {X), where 
C^{X) = {m e C°°(X) I u > 0}. On the other hand, the Einstein-Hilbert 
functional Ix on the conformal class [g]^2,2/^^ is also well-defined. It turns 
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out that the infiina of both functionals coincide: 

Y{^\X):= inf Ix{g)^ ^ni Q(x,g){u). 

'^J 9e[9lz,?.2(x) u(iC^{X)nL\-\X) 

We call the constant Y,j^ {X) the cylindrical Yamabe constant of {X, \g\) 
and show that it does not depend on the choice of a reference cylindrical 
metric in the same conformal class as g. Now we are ready to state the 
Yamabe problem on cylindrical manifolds. 

Yamabe Problem. Given a cylindrical metric g on X , does there exist a 
metric g = u"-^ • g £ [5]^!, 2 such that Q(x.g){'u) = Y,-^ (X) ? 

We call such a metric g (if it exists) a Yamabe metric and such a function u 
a Yamabe minimizer. We afSrmatively solve the Yamabe problem for generic 
cylindrical conformal classes in this setting. 

Us. The invariant \{Ch)- First of all, we show that the constant Y,-^^{X) 



satisfies the bounds —00 < Y,-^ (X) < Y{S"-), where Y{S") is the Yamabe 

invariant of the n-sphere. In particular, it is possible that Yf-j' {X) = —00. 

To determine when the constant Y-j' (X) is finite, we introduce a new in- 
variant A(£^). We introduce the operator 

4(n~ 1) 

Ch := ^ -^A,, + Rh on (Z, h). 

n — 2 

Notice that the operator Ch is different from the conformal Laplacian 
'^'^ ^ — n-3 ^^ '^ ^h of {Z,h). Let X{Ch) be the first eigenvalue of the 
operator Ch- The invariant \{Ch) determines the finiteness of the cylindrical 
Yamabe constant as follows: 

• If \{Ch) < 0, then Y^' (X) = —00. In particular, if Rh < on Z, 



then Y^^^(Y) = -00 



If X{Ch) > 0, then Y^f{X) > -00. In particular, ii Rh > on Z, 
then Y^y\x) > -00. 



If X{Ch) = 0, then Y^f{X) < 0. In particular, if i?,, = on Z, then 



Y^y\x) < 0. 



Here we remark that if Z is not connected (i.e. Z — |J"1]^ Zj for to > 2), 
then X{Ch) = min A(£;iu. ). Clearly the Yamabe problem does not make 

l<j<m ^ 
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sense if X{Ch) < 0. Hence the case we study here is when X{£h) > 0. We 
also observe that, in general, if X{£h) = then there is no solution of the 
Yamabe problem. 

^6. Solution of the Yamabe problem in a "generic case". Our first 
result repeats, in some sense, the classical approach to the Yamabe problem. 
Recall that in the "generic case" there, i.e. when the Yamabe constant 
Yc{M) < Y(5"), there is a well-known technique giving a solution, see 
piT. Here, instead of the standard sphere, we have a canonical cylindrical 
manifold (Z x R, /i + dt'^) (for some metric h on Z) which plays a similar 
role. In fact, for any cylindrical manifold {X,g) with the cylindrical end 
(Z X [1, oo), h + dt'^), we show that the inequality Y^^f{X) < Y^^^^^^^ {Z x R) 
always holds. Here we also remark that if Z is not connected (i.e. Z = 
\-\T=i ^j foi' "^ ^ 2), then 

Y'yf,^,,{Z x R) = min Y'f ^..^AZ, x R). 

First we study the case when Y^ {X) < Y,'f^,j^^2] {ZxR). We emphasize that 
the situations when the invariant X{Ch) is positive or zero are very different 
geometrically. In fact, Yj;j^^^j2](Z x R) > (resp. Y^iy_^^^2^{Z x R) = 0) 
if X{£.h) > (resp. X{Ch) = 0), and see Theorem B below. However the 
existence results are similar. 

Theorem A. Let X he an open manifold of AvcaX > 3 with tame ends 
Z X [0, oo), and h G TZ[em{Z). Let C he a conformal class on X containing 
a cylindrical metric g (z C with doog = h. Assume that either 

(a) X{Ch) > and Y^^^X) < Y^^^^,^{Z x R), or 

(b) X{Ch) = and Y^^^X) < 0. 

Then the Yamahe problem has a solution, i.e. there exists a Yamahe mini- 
mizer u G C^{X) n L^'^(X) with J^ u'^^^dag — 1 such that Q(x.g){u) — 

. _ I X \ I in nnnvi-nr'niln'r 

yrcy 

c 

Next we study the behavior near infinity of the Yamabe metrics g = 

4 

M"-2 • g given by Theorem A. As we mentioned, the cases X{Ch) > and 
X{Ch) — lead to completely different geometric situations; in particular, 
the asymptotics of the Yamabe metrics turn out to be qualitatively distinct. 



Y^^ (X). In particular, the minimizeru satisfies the Yamahe equationhgU 

Yp>\X)u^^. 
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The first case when X{Ch) > leads to almost conical metrics. A 
canonical geometric model here is an open cone over Z, i.e. 

Cone(Z) = {Z X {0, oo), e'^^h + dt^)). 

Then, a metric 5 on X is almost conical on a connected end Zj x [l,oo) 
if on the end Zj x [1, 00) it is given as g{x, t) = tf{x, t){h{x) + dt^), where 
(p{x, t) is asymptotically bounded by Ci • e~'" < ^{x, i) < C2 • e~"* for some 
constants < a < /3, < Ci < C2. 

The case when X{Ch) = leads to almost cusp metrics. A canonical 
geometric model here is given by the cusp end of a hyperbolic n-manifold 

(i?"-Vr)x[i,(X3),l(/io + dt2) 

of curvature —1. Here (i?"^^/r, /iq) is a closed Riemannian manifold uni- 
formized by a flat torus T"^^. Then, a metric <; on X is almost cusp 
on a connected end Zj x [l,oo) if on the end Zj x [l,oo) it is given as 
g{x,t) = (p{x,t){h{x) + di^), where the function ip{x,t) is asymptotically 
bounded by Ci • t^^ < ip{x, t) < C2 ■ t^^ for some constants < Ci < C2. 
Theorem B. Let X be an open manifold of dim X > 3 with tame ends 
Z X [0,00), and h € TZieni{Z). Let C be a conformal class on X containing 
a cylindrical metric g £ C with doofj = h. 

(a) Lf\{Ch) > and Y^^^X) < Y^^^^^^^{Z x R), then the Yamabe metric 

g = u-a-2 . g giyen by Thcorcm A is almost conical on each connected 
end. 

(b) Lf X{Ch) = and Y^}' {X) < 0, then the Yamabe metric g ~ u"-^ • g 
given by Theorem A is almost cusp on each connected end Zj x [l,oo) 
with X{Ch\z.) = and almost conical on each connected end 
Zk X [1,00) with A(£^|2.) > 0. 

^7. Solution of the Yamabe problem for canonical cylindrical 
manifolds. As we mentioned, the canonical cylindrical manifolds 
(Z X R, ft, = h + dt^) play a crucial role with respect to the Yamabe problem, 
and these manifolds require a special treatment. To state the result, we need 
the dominant canonical cylindrical manifold (5'"~^ x R, h^ + dt'^), where h^ 
is the standard metric of constant scalar curvature 1 on the sphere 5"""'^. 
We remark here that the cylindrical Yamabe constant Y,'f^ +dt2i('S'"^^ x R-) 
coincides with the Yamabe invariant ^(5*"). 
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Theorem C. Let (2' x R, ft, = h + dt^) he a connected canonical cylin- 
drical manifold of diin(Z x R) — n > i with \{Ch) > 0. Assume that 
y|^y (Z X R) < Y,'f^ +cit^]{S"'~^ X R). Then the Yamabe problem has a solu- 
tion, i.e. there exists a Yamabe minimizer u S C^(ZxR)nir' (ZxR) with 
J^ p, M"^^rf(7jj — 1 such that Qi^^-^j^\(u) = Y,'^, (ZxR). Furthermore, the 

4 _ 

Yamabe metric g — u"-^ ■ g is an almost conical metric. 

If X{Ch) = 0, then the Yamabe problem does not have a solution for any 
canonical cylindrical manifold (Z x R, ft = /i + dt'^), see ProDOsition l5.1l 

^8. Characterization of the supremum case. First we analyze the 
sumprcmum case for a connected canonical cylindrical manifold, i.e. when 
the cyhndrical Yamabe constant Y,j^\z x R) = y[^,^+dt2](S'"-i x R) = 
Y{S''). 



Theorem D. Let (Z x R, ft = h-\-dt ) be a connected canonical cylindrical 
manifold of dim{Z x R) = n > 3. Assume that Y^\z x R) = r(5"). Then 
(Z,h) is homothetic to the standard sphere S"^^^{1) — {S"~^,h^). 

The proof of Theorem D is somewhat involved. First, as in the compact 
manifolds case, we prove Theorem D under the condition that the manifold 
{Z X R, ft) is locally conformally flat. The remaining part of the proof is to 
show that Y^^\ZxR) < Y{S") provided that {Z x R, ft) is not locally 
conformally flat. This result splits into two different cases: n > 6 and n — 
3, 4, 5. In the case n > 6, we use the conformal normal coordinates technique 

Tl — 2 

and the family of instantons u^ {x) = I 2 if|j.|2 ) on R" to construct nice 
test functions and to prove the desired statement. 

The case when n — 3,4,5 is a truly difficult part. We first use a 
technique similar to the compact manifolds case to construct a minimal 
positive Green function Gp £ C°°{{Z x R) \ {p}) of the conformal Laplacian 
L^ on Z X R. Then Gp has the expansion Gp — r^^" + A + 0"{r) in the 
conformal normal coordinates, where A is a constant related to the mass. 
To complete the proof of Theorem D, we analyze the following situation. 

Let {Z X R, ft + dt^) be a connected canonical cylindrical manifold 
with X{Ch) > 0, and p E Z x R. Then for a point p E Z x R, we consider 

the manifold X = {Z x R) \ {p} with the metric h ~ Gp^^ ■ ft, where Gp 
is the minimal positive Green function. We obtain that {X, ft) is a scalar- 
flat, asymptotically flat manifold. We emphasize that {X, ft) has two almost 
conical singularities. Then we note that in this case the mass m(ft) is well- 
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defined in the same way as in the classical case, see jE]. The following 
Theorem is a generalization of the classical positive mass theorem J40II37LIS5] 
(cf. Jl| and [27|) to the case of specific asymptotically flat manifolds with 
two almost conical singularities. 

Theorem E. (Positive mass theorem) Let {Z x H.h = h + dt^) he a con- 
nected canonical cylindrical manifold o/dim(Z x R) ^ n {n = 3,4,5) with 

X{Ch) > 0, andp £ Z xR. Let {X, h) = ({Z x R) \ {p} , GjT^ ■ h) be the 
scalar- flat, asymptotically flat manifold with two almost conical singularities 
as above. Then the mass m{h) is non-negative. Furthermore, if m{h) =^ 0, 
then (X, h) is isometric to R" \ {2 points} with the Euclidian metric. 

We use Theorem D to analyze the supremum case for general cylindri- 
cal manifolds, i.e. when Yg^^X) = YiS""). 

Theorem F. Let {X,g) be a cylindrical manifold of dim X > 3 with tame 
ends Z x [0, oo) and 9oo.9 — h. Set Z = [J^j^ Zj, where each Zj is connected. 
Assume that Y,"! {X) — F(5'"). Then there exist k points {pi, . . . ,Pm\ in 
S'" such that 



(i) each manifold {Zj,hj) is homothetic to (5" ^,/i+), 
(ii) the manifold {X, [g]) is conformally equivalent to the punctured sphere 

(5"\{pi,...,p„,},Ccan). 

Here hj — h\z and Ccan denotes the canonical conformal class on S'". 

^9. Cylindrical Yamabe invariant and gluing constructions. The 

Yamabe problem on cylindrical manifolds and the cylindrical Yamabe con- 
stant naturally leads us to the Yamabe invariant for cylindrical manifolds. 
For each metric h on the slice Z, we define the h- cylindrical Yamabe invari- 
ant Y^~'^y {X) and the cylindrical Yamabe invariant Y'^y^{X) as follows: 

Y'^-^y^X) := sup yff^^)^ Y"y\X) := sup Y'^'^y^X). 

,, , heniem(Z) 

doag=h 

We show that the /i-cylindrical Yamabe invariant Y^~'^y^(^X) is a homothetic 
invariant, i.e. Y^~'^y'^(X) = Y^'^~'^y^{X) for any constant fc > 0, but it is 
not a conformal invariant. This invariant is a natural generalization of the 
Yamabe invariant for closed manifolds. Indeed, let M be a closed manifold 
of dim M = n > 3 and p^a a point in M . Then the manifold X — M\ {poa\ 
is an open manifold with the tame end Z x [0,oo) = 5"^^ x [0, oo). Put 
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h = h-\-. Then we show that 

Y'y\M \ {poo}) > Y'^^-^y'iM \ {poo}) - Y{M). 

We analyze the dependence of these invariants under gluing in the following 
situation. Let Wi , W2 be two compact connected manifolds with boundaries 
dWi = dW2 = Z ^%. Then we have the open manifolds 

Xi := Wi\Jz Z X [0, 00) and X2 := M^2 Uz Z x [0, 00) 

with tame ends. We prove the following Kobayashi-type inequality (see |26p. 

Theorem G. Let Wi, W2 be compact manifolds of dim Wi > 3 with dWi — 
Z = dW2 and Xi, X2 the corresponding open manifolds with tame ends. 
Let W — WiUzW2 be the union ofWi and W2 along the common boundary 
Z. Then, for any metric h G 7?,iem(Z), 

nvFiU7VF2)><!'-(l^'"''(^i)l*+l^'"''(^2)|*)" tfY'^^y'ix,) < o, *=i,2, 

[mm{Y^-''y\Xi),Y'^'-''y\X2)} otherwise. 

Finally, we revisit the surgery construction for the Yamabe invariant from 
132 . We prove the following result. 

Theorem H. Let M be a closed manifold of dim M = n > 3, and N 
an embedded closed submanifold of M with trivial normal bundle. Let g^ S 
7?.iem(A^) be a given metric on N and /i+ the standard metric on S*^. Assume 
that q = n — p > 3. 

(1) IfY{M) < 0, then for any e > there exists S = S{e,gN, \Y{M)\) > 
such that 

y(K^-/i++g„)-cy£(-^,^ \ TV) > Y{M) - £ 

for anyO<K<d. In particular, Y''y'^{M \N)> Y{M). 

(2) IfY{M) > 0, then there exists S = S{gN,Y{M)) > such that 

for any < n < S. In particular, Y'^y^{M \N) > 0. 

Theorem H combined with Theorem G gives a refinement of the result on 
surgery and the Yamabe invariant due to Petean and Yun, see |32) . 

[fllO. The plan of the paper. In Section[21 we introduce basic terminology 
and review necessary results. In Section O we study some properties of 
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the cylindrical Yamabe constant/invariant under the gluing of manifolds 
along their boundary. In particular, we prove Theorem G f Theorem 13. 7|l . In 
Section^ we revisit the surgery construction for the Yamabe invariant. In 
particular, we prove Theorem H f Theorem 14. 9|l . Sections and El form the 
core of this paper. In Sectional we first give the setting for the Yamabe 
problem. Then we study the case X{£h) > and prove Theorem 15.21 
and Theorem 15. 131 which imply Theorem A(a) and Theorem B(a). Next 
we study the case X{Ch) = and prove Theorem 15.141 which implies 
Theorem A(b) and Theorem B(b). In Sectional we solve the Yamabe 
problem for canonical cylindrical manifolds. First we consider the case when 
Y^AZ X R) < ^(S'") and prove Theorem 01 which implies Theorem C. 
Next we study the supremum case and prove Theorem l6.2l and Corollarv l6.3l 
which imply Theorem D and Theorem F. Theorem E follows from Theorem 
16.131 and Theorem 16.161 In the Appendix, we discuss the bottom of the 
spectrum of the conformal Laplacian Lg on a cylindrical manifold (X, g) 
and its relationship to the cylindrical Yamabe constant Y^l {X) and the 
sign of scalar curvature. 
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2 Cylindrical manifolds 

|2ll. Definition of cylindrical manifolds. Here we review some basic 
facts and give definitions we need. Let X be an open smooth manifold of 
AivciX = n > 3 without boundary dX — 0. 

Definition 2.1 An open smooth manifold X is called a m,anifold with tame 
ends if there is a relatively compact open submanifold W C X with dW — Z 
such that 



(1) Z — \\ Zj, where each Zj is connected. 



j=i 



(2) X\VK-Zx[0,l)=|J(Z, x[0,l)). 
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We study such manifolds X equipped with cyhndrical metrics, which are 
defined as follows. 

We start by choosing a Riemannian metric h G TZicni{Z). We identify 
the interval [0,1) with the half-line R>o = [0,oo), and hence the product 
Z X [0, 1) also can be identified with Z x [0, oo) 




Figure 1: A manifold with tame ends 



Definition 2.2 A complete Riemannian metric g e TZiem.{X) is called a 
cylindrical metric modeled by (Z, h) if there exists a coordinate system 
{x,t) on Z X [0,oo) such that 

g{x,t)=^h{x)+dt^ on Z x [l,oo) <Z Z x [{),oo) '^ X\W. 

Let TZienv'^y^ {X) (c TZ\cv[\{X)) be the space of cylindrical metrics modeled 
by (Z, h) for some Riemannian metric h G 7^ieni(Z). 

We also define the map 9oo : TZienv'^y^ {X) — ^ 7^iem(Z) by 9oog — h \f g \s 
a cylindrical metric as above. Clearly the map d^o is onto since any metric 
h G 7?.iem(Z) can be extended to a cylindrical metric on X. 




Z X {0} Z X {1} 



Z X [l,oo) 

A 



1 

Figure 2: Cylindrical manifold X . 

Remarks. (1) For simplicity, we will often assume that the slice manifold 
Z is connected. In the general case, i.e. when Z — |J ^ j^ Zj, one can eas- 
ily obtain the corresponding results to those we prove here by using that 



\{Ch)= min \{Ch\zi 

l<j<m 



and Y'^y^ 

ana rj^^^j2 



(Z X R) = 



nun 

l<j<m 



Y, 



[h\z^+dt- 



,(Z,XR). 
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(2) Later on we will also consider the case when a cylindrical manifold 
X has a non-empty boundary. In that case the definition is modified by 
assuming that dX = dW and dW = dXUZ (see Fig. |H1). 

(3) From tlie viewpoint of conformal geometry, cyhndrical manifolds were 
considered implicitly in |S]. 

|2j2. Cylindrical conformal classes. Next, we define an appropriate no- 
tion of a conformal class on a cylindrical manifold X. Let C = [g] denote the 
regular conformal class for a metric g £ TZiein{X). Let C{X) be the space of 
conformal classes on X. We define the space of cylindrical conformal classes 

C^y'iX) := {[g] I -g G TZicm^y'{X)} C C{X). 

For C e C'^y'^iX), we fix a cyhndrical metric g eCn TZiem'^y^iX) to define 
the Lg' -conformal class 

C^..2 := iu^ -glue C^\x) n 4'^(x) j c C, 

where k = 0, 1, 2. 

Now we show that the conformal classes (7, k,2 do not depend on the 

g 

choice of reference cylindrical metrics g for /c = 0, 1. 

Proposition 2.1 Let C be a cylindrical conformal class and g,g G CD 
TZieni''y^{X) two cylindrical metrics. Then there exists a constant K > 1 
such that K^^ ■ g < g < K ■ g on X . In particular, 

K^^ ■ ddg < dag < K^ ■ dag on X, and 

lI''^{X)^lI'^{X), C^k.2^C^k.2 for k^ 0,1. 

Proof. We have that g{x, t) — h{x)+dt'^ on Z x [1, cx)) and g{y, s) = h{y) + 
ds"^ on Z x [1, cxj), where y — y{x, t) and s — s{x, t) give a diffeomorphism: 
Z X [l,oo) ^ Z X [1,00). By the assumption, g — ip ■ g for some function 
f E C^{X). We write ip = f{x, t) on Z x [1, 00). It is enough to show 

inf (/p > 0, sup(^<cx3. (2) 

^ X 

Indeed, suppose that infx </? = 0. Then there exists a sequence {{xi, t^)} C 
Z X [1,00) such that Lp{xi,ti) — > as i — > 00. In particular, it implies that 
the injectivity radius 'in]xg = 0. On the other hand, since g is a cylindrical 
metric, the injectivity radius injxff > 6 for some 5 > Q. This leads to a 
contradiction. A similar argument also shows that sup^ (^ < cx). Hence the 
property lO holds. D 
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1,2/ 



Now we define the following functional on the space Lg' (X). Set 

Q{x,g)m ■■= -^^ ^ - TTTa — , where a„ = ^_^ , 



[jxWl-'-^da-g 



-1.2 



for uG i^^ (X) withu^O. 



Lemma 2.2 T/ie functional Q(x,g)W) ^^ well-defined on the space Lg' (X) 
with u ^ 0. 

Proof. Let {N, g) be a complete Riemannian manifold. We define 

C^{N) := {/ e C°^\N) I Supp(/) is compact} . 

The following facts are well known (cf. |1(J|'). 

Fact 2.1 

(i) The Vl'^ -completion of the space C^{N) coincides with the space 
L'^g'^iN) for fc = 0,1. 

Now we assume that the sectional curvature Kg and the injectivity radius tg 
are hounded, i.e. there exist constants C > and (5 > such that \Kg\ < C 
and Lg > 5. Under this assumption, we have that 

(ii) The L^'^ -completion of the space C^{N) coincides with the space 

(iii) The Sobolev embedding Ll'^iN) C LJ^ (N) holds. 

Now we return to a cylindrical manifold X. The Sobolev embedding 
(iii) implies that 



\u\"-^ da-g < oo for uELg'''{X) 



We define X{i) -.^WUz {Z x [0,^]) for £>1, see Fig.|3 

^9 



For u e Lg' {X), we have the following estimates: 



X 



RgU^dag 



< 



X(l) 



RgU dag 



X\X(1) 



\Rg\u'^dag 



< 



/ RgU dag + {max Rh) ■ / u dag < 

Jx{i) ^ Jx\x{i) 



This completes the proof of Lemma 12.21 



n 
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Zx{0} Zx{i} 

Figure 3: Manifold X{t). 



|5j3. Cylindrical Yamabe constant. For g £ TZiem'^'^^ {X) , we define the 
functional 



Ixig) ■■= 



Vol^(X)^ 



on the space of Lg' -conformal metrics, i.e. g g [5] ^2, 2. Recall that g = 
u-^ ■ g, where u G C^{X) n Lf^iX). 

Lemma 2.3 The functional Ix{g) is well-defined for metrics g € [g]j^2,2. 
Furthermore, Ix{g) = Q(x,g){u) if g = W^^^ ■ g. 

Proof. For g = u^ ■ g with u G C^iX) n L^'^iX), we first notice 



Volg(X) = / dag = / M"-2df7g<oo. 
'x Jx 



Then we have: 



Rgdcjg 



u "-2 (— a„AgU + Rgu) ■ u^-^dog 



X 



/ {~a„u- AgU + Rgu'^)dag 
Jx 



On the other hand, we have 



Rgdag = lim / RgdcTg 



X 



= lini 



/ (a„|(iMp + i?gM^) dcTg — 2q!„ / u- dtu dan 

Jx(i) JzxH\ 



ix(i) Jzx{e} 

Hence to prove that Ix{g) = Q{x.g){u), it is enough to prove the following. 
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Claim 2.4 / u ■ dfU da^ — o(l) as ^ —> oo. 
Jzx{e} 

Proof. Let f{t) be the function defined as 

f{t) := / M^ dcTh, then f'{t) =2 u ■ dtu dau- 

Jzx{t} Jzx{£} 

Since u E Lg' {X), there exist e > and ie > such that 



{u^ + \dtu\^ + \dtu\^)dah < e. 

Zx[i^, oo) 

Note that the volume form dag = duh dt on the cyhndrical part Z x [1, cx)). 
Now for any t2> ti> £^ we have 



i/(t2)-/(ti)i - jlint) 



u ■ dfU dah dt 



Zx[ti,t2] 



(3) 



< 2 



u dan 



Zx[ti,t2] 



Zx[ti,t2] 



\dtu\^dag < 2e. 



We claim that f{le)< 3e and f{t) < be for all t>£e. 

Indeed, suppose that file) > 3e. Then implies that f{t) > f{£e) — 
2£ > e for t > is- Therefore one has 



zx[e^,oo) 



u^dcjg 



f{t) dt> e dt = oo, 



which contradicts the condition u e Lg' [X). Hence J{ie) < 3e, and < 
f{t) < /(4) + 2e < 5e for t > 4. Now we define 



9{t) 



\dtu\^ dah > with g' (t) = 2 dtU ■ dfu dah- 

Zx{t} Jzx{t} 



Similarly, one can show that g{t) < be for all t > l^. Now we have 

/ \u\-\dtu\dah < If u^ da,A If \dtu\^ daA < be 

Jzx{t} \Jzx{t} J \Jzx{t} J 

for all t > i^. Clearly this implies that 

\u\ ■ \dtu\ da,-, = o(l) 
Zx{t} 

as t ^ oo. 



n 
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This completes the proof of Lemma 12.31 D 

Definition 2.3 For g E TZiein''y^{X), we define the constant 
Y-^y\X):= inf Ix{g). 

96 [51,2,2 

Lemma 2.5 The following identities hold: 

Yi^'iX) = inf Ixia)^ inf ^^ Q(x,,)(") 

se[g]^2,2 «GC~(X)nLi'^(X) 

= , inf Q(x,g){u)^ inf Q(x,a){u). 

Proof. The assertion foUows from the following inequalities: 

y-a'^X) > inf Q(x,g)(«) > , mf Q(x,g)(«) 

= inf Q{x,g){u) = inf Q(x,3)(w) 



> 



_ vcyi/ 



inf ^^ Q(;,,g)(«) = l^^^^(X). 



+ 



Here we make use of the fact that the Lg' -completion of the space C'^{X) 

coincides with the space Lg' {X). We use essentially that g = h + dt^ on 
Z X [1,00) to obtain the last inequality. D 

Now we would like to recall the following important observation due to 
Schoen and Yau ^^. We state the corresponding result in the above terms. 



Fact 2.2 ^ Section 2] For any g' , g" e C, 

inf Qix.g')^) = inf^ Q(x.g")(")- 

In particular, these constants are conformally invariant. 

We use Fact 12.21 or Proposition 12 . 1 1 to conclude the following. 

Corollary 2.6 Let g, g G C nTZieva'^^^ (X) be any two cylindrical metrics. 
ThenYg'y\x)^Y^'y\X). 
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Now we define the cylindrical Yamabe constant as follows. 

Definition 2.4 Let C £ C'^'^^(X) be a cylindrical conformal class. Then the 

c 



cylindrical Yamabe constant Yp' {X) of [X, C) is defined by V^^ {X) := 



Y-^^ {X) for any cylindrical metric 5 g C n 7?.ieni'^^^(X). 

Corollary 12.61 implies that the Yamabe constant Y(j{X) is well-defined, and 
Lemma 12.51 gives the formula: 

Y^J^'iX)^ inf Ix{g)^ ^inf Q^xraM- 

gee 1,2 «eLi-"(X),u^o 

|2l4. Finiteness of cylindrical Yamabe constants. Let {X,g) be a cylin- 
drical manifold modeled by (Z, h) as above. We would like to give a com- 
plete criterion for the finiteness of Y,-^ {X) in terms of the geometry of 
the slice Riemannian manifold {Z,h). Recall that dimX = n, and hence 
dimZ ~ n — 1. We define the operator 

A(n — 1) 

£,, := ^ -^Ai, + Ri,^~anAh + Rh on {Z,h). 

n — 2 

Recall that the operator L/; = — ^_^ ' A^+Rh = —ctn-^iAh+Rh (when n > 
4) is the conformal Laplacian of (Z, h). Clearly Ch resembles the conformal 
Laplacian ILh of {Z, h), but it is not equal to L^. The first eigenvalue X{Ch) 
of Ch (given by the formula below) captures a complete information on the 
finiteness of Y[g](X). We have: 

w^ ^ .r Jz {an\du\'^ + Rhu'^) dcTh 



«eLi.2(z),u^o J^u'^daii 



Lemma 2.7 Assume that X{Ch) < 0. Then Yp' {X) = —00 for any cylin- 
drical conformal class C = [g\ £ C'^^^(X) with g € TZiem'^y^ (X) and doog — 
h. In particular, Yp' {X) — — cxi if the scalar curvature Rh < on Z. 

Proof. Without loss of generality, we may assume that Z is connected. 
We define a Lipschitz function fe{t) G C^'^([0,oo)) whose graph is given 
at Fig. 2J The standard elliptic theory implies that there exists a function 
ip e C^{Z) such that 

/ (a„|d(pp + Rhf'^) dah = A(/:,0 and / ip^dan = 1- 
J z J z 
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e,» 



-^ t 



1 2 2+i 3+i 



Figure 4: Function fe{t). 



We define a family of functions depending on e by u^{x, t) :— fe{t) ■ '^{x) e 
C^'^(X). We estimate Q{x.g){'Ue) from above: 



Q{X,g){Ue) = 



\{U)-j,ndt + a^^^{f^^dt 



1-2 . 71-2 

(■oo r-;fr2 



< 



< 



/^^" ^dat ■ [j^ fe ^dt 



A(/:ft)-e2.i + 2a„e2 



C (A(£;.) + 2a„£) e _ C (A(£,,) + 2a„£) 



Here C and C" are some positive constants. Finally we have that 
Q{x.g){ue) -^ —CO as e — > since X{Ch) < 0. Hence Y^^ (X) = — oo. D 

To proceed further, we recall the following result, which is essentially due 
to Aubin 9 . 

Fact 2.3 (Aubin's inequality) The cylindrical Yamabe constant Yp' {X) 
is bounded from above: Y^ (X) < Y{S"), where y(S'") is the Yamabe 
invariant of the n-sphere. 

We conclude that for any cylindrical conformal class C G C^^^lX) 



-oo < Yp'\x) < r(5"). 
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Definition 2.5 Let X be an open manifold of dimX = n > 3 with tame 
ends. Let /i be a metric on Z. We define the h-cylindrical Yamabe invariant 
of Xhy 

yh-cyi^X) :== sup Y^fi^)- 

da<,g=h 

The cylindrical Yamabe invariant of X is also defined by 

Y'^y'^ix) := sup Y'^-'y'^ix). 

heTlicni(Z) 

Then the following inequalities hold: 

-oo < Y''-''y\X) < Y'^y'^iX) < Y{S"). 



Lemma 2.8 The h-cylindrical Yamabe invariant Y^ '^^^{X) is a homoth- 
etic invariant: 

where kh{x) :— k ■ h{x) for any constant fc > 0. 

Proof. Choose any g e TZiem'^y^{X) with 9oo.9 — kh- Then g — kh + dt^ on 
Z X [l,oo). Set s = -^t, and then ds = -Ttdt. We have 

g ^ kh + kds^ = k{h + ds"^) on Z x [l/\/k,oo). 

We obtain: 

Y(:f{X)^Yg^{X)<Y'^-^y\X). 

Hence Y^-''y'^{X) > Y^^-''y'^{X). Similarly, r'*-'=s'^(X) < Y^^-''y'^{X). D 

Remark. We emphasize that, in general, the invariant Y^~^y^{X) is not a 
conformal invariant with respect to a metric in the conformal class [h]. 

Example (1) Set Z = T""^ for n > 4. Let ha be a fiat metric on T"-i. 
Then 

Ch„ = -a„A/io, and A(£,iJ == 0. 

Hence > Y'^'>~''y^{X) > -oo. On the other hand, let h G [ho] be a non-flat 
metric on T"^^. Clearly there exists a function u S C^ {T"~^) such that 

-a„_iA/jM + i?;iM = 0. 
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Then we have: 

4 

ChU = -OnAhU + RhU ^ -an-lAhU + RhU + — rrAft/U. 

[n — 2)(n — S) 



In particular, 



{ChU,u) 



■ / \dufdah < 0. 
Jz 



{n-2){n-3) 

This imphes that X{£h) < 0, and consequently, Y'''~'^y^{X) = — oo. Hence 
we obtain that Y'^-'^y^X) ^ Y^«-'^y'^{X). 

Remark. For any canonical cylindrical manifold, we notice that 

see ProDOsition l2.11l 

Example (2) Set Z = 5"-^ and X = S"-^ x R for n > 3. Then 

Y'^^-^y'ix) ^Y(;^y_l^^,^ix) = Yisn. 

On the other hand, let h £ [/i+] be any metric whose sectional curvature is 
not identically equal to a positive constant. Then we will prove in Theorem 
16.21 in Section |B1 that 

Hence r''-'=v^(X) ^ Y''+-^y'^{X). 

Lemma 2.9 Let {X,g) be a cylindrical manifold with docQ ~ h, and set 

C=[9]. 

(1) If\{Ch) > 0, then Y^y\X) > -oo, and hence y'»-'=i/^(X) > -oo. In 

particular, if Rh > on Z, then Y^^^X) > -oo and Y'^-''y^{X) > 
— oo. 

(2) If\{Ch) = 0, then Y^fiX) < 0, and hence Y^-'^y^X) < 0. In partic- 
ular, zfRh^O on Z, then Y^^^X) < and r''-'=y^(X) < 0. 

Proof. (1) Let u E Lg' (X) be a function with J-^ \u\ "-'^dag — 1. Then we 
have: 

Q{x,g){u) > / {an\du\'^ + Rgu'^) dag 

Jx{i) 



X{Ch) ■ / w^ dah dt + an- / |i9tup dan dt 

Jzxll.oo) JZx[l,oo) 
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Since X{Ch) > we have: 

Q{x,g){u) > / {an\duf + RgU^) dag> - [ma.x\Rg\] / u"^ dag 
Jx(i) V^(i) / Jx(i) 

n — 2 

> -(max\Rg\^lj^^\u\^dag] ■Yo\g{X{l))i 



> -(^max|i?g|j.Volg(X(l))^. 

This gives that Y^-''y'^{X) > -c». 

(2) Let Ue be the same function as in the proof of Lemma [2. 71 Then 

as £ -^ 0, where C" > is a constant. Thus Y^^\x) < 0. D 

We also notice the following fact. The proof is straightforward. 

Lemma 2.10 Assume that A(£/j) — and n > 4. Then either Rf^ = or 
there exists a metric h £ [h] such that 

Rf-^ = const. > 0, 



A(A.) > 0. 

Consider a canonical cylindrical manifold {ZxR, h+dt^). Then the cylindri- 
cal Yamabe constant Y,'f^,^^2] {Z x R) provides a universal upper bound for 
all /i-cylindrical Yamabe invariants. In more detail, we prove the following. 

Proposition 2.11 (Generalized Aubin's inequality) Let X be an open 
manifold with tame ends Z x [0,oo) and h G TZicin{Z) any metric. Then 



Y, 



'^y^(Y\ <r- \^<^V^ 



[9l 



[X) < Y,'f^,j^^2]iZ X R) for any metric g G TZiein'^y^{X) with doog 



Furthermore, Y''-''y'^{X) < ^[/'J+rftsjC^ x R). 

Proof. If X{Ch) < 0, the assertion is obvious from Lemma l^Tzl Now assume 
that X{Ch) > 0. Then y[)^+rft2](^ x R) > -oo by LemmaEH From Lemma 
12.51 there exists a sequence {ui} of functions Wj G C'^{Z x R) with u^ ^ 
such that 

J Supp(wj) C Z X [-~i,i], 

I .lim Q{zxii,h+dt^)iui) = y{h+dt^]{Z X R). 
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We define the functions Ui £ C^{X) as follows: 

u(p)^l if pex(i), 

'^^' \u,{x,t^i-l) a p^{x,t)e Zx[l,oo). 
Then we have 

This completes the proof of Proposition 12. Ill D 

[h+dt^]^ 



Now we would like to give an upper bound for the constant Y,'r',, 21 [Z x R) 



in terms of the geometry of (Z, h). 

Proposition 2.12 Assume that Z is connected. The following inequality 
holds: 



y,-,,(ZxR)<r(5").min|l,^^— ^^^— ^^ \VoM^;^ 

Proof. Lemmas l2.7l and l2.9f 2') imply that it is enough to consider the case 
A(A) > 0. 

Claim 2.13 Assume that \{Ch) = (n - l){n - 2). Then 



Proof. Set {X,h) = (Z x R, /i + dt^). By the assumption, there exists a 
function u G C^{Z) such that 

ChU = {n — l)(n — 2)u, 
J^u'^dah = 1. 

We consider the function ip{x,t) — f{t) ■ u{x) e C^(Z x R) for any / e 
C;?°(R) with /(i) ^ 0. Then we have 

Y,lf(X) < inf g,xM(v) 

(4) 

., !x{an\f'\'u' + {n~l){n-2)fu')dandt ' ' 

< mt ^^— ^ :-^; — ^ . 

/ecf (R) 



(/x 1/ ■ 



, ,g , , V, ,., u\"-2dahdt 
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We notice that 

Tl-2 

1= / u'^dcTh < ( / \u\^dah] •Vol/i(Z)", and hence 



J^\u\^-^d<7h^ 
From this incquahty combined with Q), we obtain 









y(5") ' ^°^''^^^ 



VoU^(5"-i) 

The last equahty follows from Lemma [4. 51 in Sectional This completes the 
proof of Claim EI31 □ 

We continue with the proof of Proposition l2.12l We have that X{Cf^2.f^) = 
K~^ ■ X{Ch)- In particular, if 

«^= , ^,^f/'^ ., , then A(£,2.,) = (n-l)(n-2). 
(n — l)[n — 2) 

Also we have that Yol^2. i,{Z) ^ k""1VoU(Z). Then Claim EH combined 
with the proof of Lemma [2.81 gives 



ns')-{ ,Jlffl2) y 



Volfc(Z) 
Vol,.^(S"-i)^ 

n 



Now let M be a closed manifold of dimM = n > 3 and poc a point in 
M. Then the manifold M \ {poo} is an open manifold with the tame end 
Zx [0, oo) = 5"^^ X [0, cx)). Similarly, we start with an open manifold X with 
tame ends Z x [0, oo), and choose a finite number of points pi, . . . ,pk € X. 
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Then X' = X \ {pi, . . . ,pk} is also an open manifold with tame ends 
Z' X [0,oo), where Z' = Z U {Sl'-^ U • • • U 5['-i) and Sl''^ U • • • U S*^"! 
denotes k disjoint copies of S"^^-^. We denote by fc • /i+ the metric h^U- ■ -U 
/i+ on 5"^^ U • • • U "S*^^^. With these understood, we prove the following 
assertion. 

Lemma 2.14 (1) Let M he a closed manifold, and Pao G M. Then 

Y-y'iM \ {p^}) > Y'^^-^v^M \ {p^}) = YiM). 

(2) Let X be an open manifold with tame ends Zx [0, oo), andpi, . . . ^p}^ G 
X. Then 

Y-yHx\{p,,...,pk})> sup y('^^('=-"+))-'=^^(x\{pi,...,pfe}) 

he1Zicm{Z) 

= Y<'y\x). 

Proof. (1) It is well-known from [211 that for any e > there exists a 
conformal class C^ G C(Af ) such that 

YcSM)>Y{M)~e, 

Ce is locally conformally flat near p^o ■ 

This implies that there exists a cylindrical metric g^ € 7?.iem'^^^(Af \ {poo}) 
with 9oo.9e = h+ such that 

Yg'^\{M \ {p^}) = YcAM) > YiM) - e. 

This gives 

Y''y\M\{poo}) > Y''^-'y\M\{p^}) > Y{M). 

On the other hand, 

Y'^^-^y'{M\{p^}) = sup Ygi'{M\{p^})<Y{M). 

geTZicm''y^(M\{p^}) 

Therefore, Y''+-''y'^{M \ {poo}) = Y{M). The proof of the assertion (2) is 
similar. Hence we omit it. D 

Lemma 12.141 shows that the /i-cylindrical Yamabe invariant is a natural 
generalization of the Yamabe invariant for closed manifolds. Clearly the 
dependence of the invariant Y^~'^y^{X) on the slice metric h is important. 
There are the following natural questions. 
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(1) Is it true that V^y^M \ {p^}) = F(M)? 

(2) Is it true that Y''y'^{X \ {pi, . . . ,pk}) = Y''y^{X)7 

It is easy to see that if M = S'" and X = 5" \ {finite number of points}, 
then (1) and (2) hold. We also note the following. 

Claim 2.15 Let M be a closed enlargeahle manifold {see |22j ) with Y{M) — 
0, and X :~ M \ {finite number of points}. Then 

Y'y'{M\{p^})^Y{M) and Y'y'{X \{p,, . . . ,pk}) ^Y'y'{X). 

3 Kobayashi-type inequalities 

|3ll. Gluing construction. Let Wi, W2 be two compact connected man- 
ifolds with dWi = dW2 = Z ^d). Then \etW = WiUz W2 be the union 
of manifolds Wi and W2 along their common boundary Z, see Fig. El We 




Figure 5: Manifold W ^WiUzW2. 

define the corresponding open manifolds with tame ends (see Fig. 02) by 

Xi := WiUz Z x[0,oo), 
X2 := W2UZ Z x[0,oo). 

We denote by Xi UX2 the disjoint union of Xi and X2- The following result 
is analogous to |26l Lemma 1.10]. The proof is similar to |26j . 

Lemma 3.1 For d G C'^y^{Xi), i — 1,2, let Ci U C2 denote the disjoint 
union of the conformal classes Ci and C2 on Xi U X2 ■ Then 

W (^^^ ,\-(\ycl\X.)\- + ni\X2)\f ^Y^'iX^ < 0, ^ = 1,2, 
I mm -^ y«" (Ai),y«" (-'^2) f otherwise. 
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Figure 6: Cylindrical manifolds Xi and X2 



Lemma [3.11 implies the following assertions. 

Proposition 3.2 Let Xi. X2 be the open manifolds with tame ends as 
above and h G TZicin{Z) any metric. Then 

(-(\Y''-''y%Xi)\^ +\Y''-''y%X2)\^)^ if Y''-''y'^{Xi)<o, 
Y'^--yXx,uX2)=l z = l,2, 

[min {Y''-''y^{Xi),Y^-''y'^{X2)} otherwise. 

Y^y'(x^ux,) ^l-(\Y^'^%x,)\^+\Y^y%X2)\^f ifY^y'ix.)<o, z=i,2, 

^ ^ [ mm{Y''y'^{Xi),Y''y'^{X2)} otherwise. 

We denote 7^iem*(Z) = {h & 7^iem(Z) | X{Ch) > 0}. We notice that the 
space 7?,iem+(Z) of positive scalar curvature metrics on Z is contained in 
7^iem*(Z), however 7^iem+(Z) C niem*{Z). 

Proposition 3.3 Let W\, W2 be compact manifolds of dim Wi — n > 3 

with dWi ^ Z ^ dW2 and Xi, X2 the corresponding open manifolds with 
tame ends as above. Assume that TZieva* [Z) ^ 0. Let h S 7?.iem*(Z) be any 
metric. Then 

[-i\Y'^-^y\Xi)\'^+\Y'^-^y\X2)[-^Y ifY^-''y\x,)<o, 

YiWiUzW2)>l i = l,2, (5) 

[ min {Y''-''y\Xi),Y''-''yHX2)} otherwise. 

Remark. We notice that if X{Ch) < 0, then Y'^'^y^Xi) = -00, i = 1,2, 
and hence the inequality (|SJ holds. We study the case when X{Ch) — later. 

Proof. Let h S 7?.iem*(Z) be any metric. First we recall that Lemma [2.91 
gives that Y''-''y'^{Xi) > -00 for i = 1,2. 
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For any e > there exists a metric gi G 7?.icni'^^^(Xi) for i = 1, 2 such 
that 

i9oo5i ^ h = 80092, and 

mlcS^^ u X2) > y^-^y^iXi U X2) - e. 

HereQ = [5,]GC=«^(X,), i = l,2. 

We notice that the condition X{Ch) > imphes that A(£^J > for 
sufficiently small 5 > 0, where £^ is the operator defined by 

Ci -.^ - {a„ ~ 6) Ah + Rh. 

We construct a family of metrics g{i) as below on the manifold W — W\ U^ 
W2 by identifying it with the manifold 

iyiUzVl^2-^i(i)Uz(^x [0,^])UzX2(i); 

5W :=3iUi(i)U(/i + dt2)ugi|;f^(i); (seeFig.EJ. 
By the definition, we have 



Z X [0, 1] 




Z X [0, 1 



Z X [0, f] 




Figure 7: Decomposition of M^ = Wi U^ W2- 



and hence that for any f > there exists a function ug £ C;^(VFi U^ W-i) 
such that 

a« / |du^pdcrg(£)+ / Rg(^i)ujdag(^i) < y[g(f)](H/'i Uz ^^2) + — -^, 



and / |w£|"-2dag(£) 

'vKiUzW'2 



For simplicity, set 



\due\'^dag(^e)+ Rg{i)u1dag!^i), 

W1VJZW2 JWlUzW2 



Yim] - %^)](W^iUzM^2). 



K. Akutagawa, B. Botvinnik, Yamabe metrics on cylindrical manifolds 29 



Claim 3.4 There exists tg, < te < £ such that 
/ {\duef + ul)dah < 

Jzx{tt} 

for some positive constant B independent of £. 
Proof. Using tlie inequality 



B 



E, 



iWiUzW2.gii))M < >lg(£)] + Y^^ 



we obtain the following 



Y, 



1 



\9ie)] + T~l - E(x{i),g,)M + Ei^x{2).g2)M + K^h) / u^da^dt 

-1- + ^ JZx[0,£] 



+ S \dugfdah dt+{an-5) / \dtue\'^da-hdt. 

JZx[0,£] JZx[0,e] 

We use the fact that the last term on the right-hand side is positive, and 
then 



Y 



1 



'im] + T—f > (min i?-J. Vol,, (Xi(l))^ + (mini?,J.Vol,,(X2(l))^ 
L -t t -^lyi-) X2(i-) 



(6) 



6o ■ I {\dui\'^ + uj) doh dt. 

'zx[o,e] 



Here 5q := min {A(£^), (5} > and R := minjO, i?}. Hence (0 implies 
that 



^0 

and thus 



1 



zx[Q,e] 



{Iduil"^ + uj) dah dt < y[g(^)] + -—j + 



A with 



( min i?r ) . Vol,, (Xi (1))^ + ( min i?r ) . Vol,, (^^(l))^ 



>o, 



Zx[0,l] 



{\due\^ + uj) dah dt<j- \Y^g(i)] + j-p^ + ^j 
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It then follows that there exists t^, < t^ < i such that 
/ {\due\^ + u'j)dah < -T 

JZx{te} *- 

with B >0. D 

Now we continue with the proof of Proposition 13.31 We cut the manifold 
Wi Uz W2 along the slice Z x {t^}, and then attach two copies of the half- 
cylinder Z X [0,00) to the corresponding pieces to obtain the cylindrical 
manifolds Xi and X2. In other words, we regard Xi U X2 as 

Xi U ^2 = (Z X [0, 00)) \Jz {{Wi Uz W2) \ {Z X {U})) \Jz {Z X [0, 00)). (7) 

We define a non-negative Lipschitz function 

[/, eC0(XiUX2) 
by 



Ut = u^ on {Wi\JzW2)\{Zy<{U}), and 
{1 — t)ui{x,ti) onZx[0,l], 



(8) 

U^i^'i) = [ on Zx [1,00). 

The conditions imply that 

C f 2n 

E{XiUX2,giUg2)iUe) < y[g(£)] + -7, / C//"'dcrgiUg2 > 1- 

<- JX1UX2 

This gives that 

y(I^l Uz W^2) + y > %^)] + |>Q(XiUJf„§iUg.)(C/£) 

Now we take ^ ^ oo in to obtain 

Y{Wi Uz W2) > Ysfuc^^X^ U X2) > Y'^-^y'iX, U X2) - £. 
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Taking e — ^ 0, we conclude that 

Y{Wi Uz W2) > Y'^-'^y^Xi U X2) 

(-{\Y''-''y\Xi)\'i + \Y''-'=y\X2)\^f iiY''-''yXx,)<o, 

[ min{y''"'=»^(Xi),y''""^^(X2)} otherwise. 
This completes the prool ol Proposition l3.3l D 

Now we estabhsh the Kobayashi-type inequaUty in the case when X{£h) = 0. 

Proposition 3.5 Let h E TZiem.{Z) be a metric with X(Ch) = 0. Then 

Y{Wi Uz W2) > - {\Y''-''y^{Xip + |r'*"'=«^(X2)|^) " . 

Proof. Let h E 7?.ieni(Z) be any metric with X{Ch) = 0. Recall that this 
condition implies that > Y'^~'^y^{Xi) > — 00 for our cylindrical manifold 
Xi, i = 1,2. By the definitions, for each e > there exists a metric gi e 
TZiem'^y^X,), i = 1,2, such that 

dgi = h = dg2, 

^cTuc.(^i ^ ^2) > Y'^-'y'iX, U X2) ~ e. 

Here Ci :— [gi] £ C''y^{Xi), i = 1,2. As before, we use the decomposition 

WiUzW2=Xiil)UziZx [0,f])UzX2il) 
with the metric 

g{e^)^gi\x,ii)^{h + dt^)Ug2\x,(i) 
respectively on Xi(l), Z x [0,^^] and ^2(1)- We set the segments 

Ij,k := [{j~l)e+{k~l),{j~l)l+k], 3,k^l,...,i. 



We have 



'^lg(e^)] '■= ^[ff(£2)](W^i Uz W2) - mf (5(vKiUziV2,s(^2))(")- 
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Then for any £ » 1 there exists ui e C^{Wi Uz W2) such that 



WiUzW2 



'■I ^ dag(t2) = 1. 



Claim 3.6 There exists tg, < tg < £^ such that 

B 



{\dui\^ + uj) dah < ^^_^ , 

Zx{te} £ " 

where B is independent of £. 
Proof. FRom the above, we have 

Y{Wi Uz W2) + Y^ > >[g(^2)] + Y^ ^ E^w,uzW2r9m)M- 

We use the same constant A as in the proof of Claim l^^ to give the following 
estimate 



E(WiUzW2,g{i'-''))M - ^^+ / {an\due\'^ + Rhuj) dah dt 

Jzx[o,P] 

+ an / \dtue\'^dah dt 

Jzx[a,P] 

> -A + an \dtuefdah dt 

J Zx[0,P\ 

since \{Ch) = 0. Clearly there exists an integer j (1 < j < £) such that 

f ^i^ , , 1 

/ w^-^dah dt < -. 

Jzxij £ 

Then there exists also an integer fc (1 < fc < ^) such that 

f A' 

/ (Q;„|dM£p + Rhuj) dah dt < — , where 

JZxIj,k ^ 

A' := A + Y{Wi Uz W2) "^ 



l + £ 
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We have 

n-2 

/ ujdaii dt < Vo\h{Z)" ■ / u^^^ dcjh dt < ^_^ 

Jzxij^k \Jzxij_k J e~^ 

for some positive constant Ci. We define the function f{t) by 

f{t):^ / ujdah, where /'(t) = 2 / ui ■ dtu^dah- 

Jzx{t} JZx{t} 

It foUows from IIUI) that there exists to E Ij^k such that 



(10) 



fito) < 



(11) 



We have the following estimate 



1/(^2) -/(ii)| < 2 



ui ■ dtUidfJh dt 



Zx[ti,t2] 



< 2 I / ujdcTh dt 

'Zx[ti,t2\ ) 



Zx[ti,t2] 



\dtUifdah dt 



< 2 



C^ A" _ 2 A" CI 



1-2 .1 



^5 l- 



for any ti,t2 E Ij^k- Here Ci > is the same constant as above. This 
combined with (|ll(l gives that 



fit)< 



2A"C^ Ci C: 



< 

for any t E Ij,k- Now we have the estimate 

f A' / 

a„ / \dui\'^dah dt < — + (max|i?/i| 



(12) 



Ug dafi dt 



Zxlj,k 



< 



A' C, 



e t 



Here we used the estimate (|10ll . Then this gives 

\ \dui\ d<Th dt < ,^_3 
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for some positive constant C4. We conclude that there exists ti S Ij^k such 
that 

/ \due\^dah < -§r- (13) 

JZx{ti} i " 

Now we use the estimates p2f) and (I13II to obtain the estimate 

/ /'I 7 i2 2\ I ^ ^2 + ^4 

/ [\dui\ +ug)dah< — „_2 ■ 

Jzx{tt} i " 

This completes the proof of Claim 13.61 D 

We continue now with the proof of Proposition 13. 51 As above, we regard 
Xi U X2 as in 0. We define a non- negative Lipschitz function Ui £ 
C",{X,UX2)hy 

Ue = ui on {WiUzW2)\{Zx{U}), and 
{l-t)ue{x,ti) on Zx [0,1], 



^ ' ^ I on Z X [l,cx)). 

Then we obtain the following estimate 

EiX,UX,.rg,U-g,){Ui) < Y{Wi Uz W2) + -^^, with 



UfT ' dag-^ug2 ^ l- 
/X1UX2 

This implies 

= YclLcSX,UX2). 
We take £ ^ 00 to obtain 

Y{W, Uz W^2) > ^efuc.(^i ^ ^2) > Yl^y^iX, U X2) - e. 
Finally, we take £ ^ and conclude that 

Y{Wi Uz W2) > yc\ucS^^ ^ ^2). 

This combined with Proposition l3 . 21 completes the proof of Proposition l3.5l 

D 
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Now we combine Proposition 13 . 51 with Proposition 13 . 31 and Lemma [2. 71 

Theorem 3.7 Let W\, W^ he compact manifolds o/dim Wi > 3 with dWi — 
Z == dW2 and Xi, X2 the corresponding open manifolds with tame ends 
Z X [0,00) as above. Let h € TZiem{Z) be any metric. Then 

(~{\Y''-^y\Xi)\^ + \Y''^yXx2)\^)" ifY''^^y\x,)<o, 

Y{WiUzW2)>< 1^1,2, 

y miTL{Y'^-''y'^{Xi),Y^-''y^{X2)] otherwise. 

Remark. We proved a similar formula in j4| in terms of the relative Yamabe 
invariant. 

We notice that Theorem l3.7l and Lemma r2.14l recover the original Kobayashi 
inequality (see j26l Theorem 2(a)]). 

Corollary 3.8 Let Mi, M2 he closed manifolds o/dim Mi = n > 3, i = 1, 2. 
Then 

Y(M,mU) > i- (l^(^'^i)l^ + \YiM2)\^)" ^fY{M,) < 0, z = 1,2, 
I min{y(A'fi),r(M2)} otherwise. 

Proof. Theorem l3 . 7l combined with Lemma l!j .141 gives directly the following 

y(Mi#M2) = r((A/i \ i^") us^-i (M2 \ D^)) 



>< 



- {\Y'^+-''y'^{Mi \ {pt})\'i + \Y'^+-''y^{M2 \ {pi})!^) " 
if Y^+-''y'^[M^ \ {pt}) < 0, i = 1, 2, 

. min {y''+"'=»^(Mi \ {pt}), Y^+-''y'^(M2 \ {pt})] otherwise. 

(|y(Mi)|t + |y(M2)|t)* ify(M,)<o, i = i,2, 

min{r(Mi),y(M2)} otherwise. 

n 



4 Surgery and cylindrical Yamabe invariant 

|4jl. Relative Yamabe constant for a cylindrical manifold with 
boundary. Now we concentrate our attention on the case when a cylindri- 
cal manifold has a nonempty boundary. Let X be a noncompact manifold 
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with dX = M 7^ 0. As before, we assume that X is a noncompact mani- 
fold with tame ends. More precisely, there exists a relatively compact open 
submanifold W C X with dW = dX = M and dW = M U Z such that 



Z = \ \ Zj, where each Zj is connected, 

m 

X\W^Zx[0,l)^\JiZjX[0,l)). 

We should refine the definition of suitable cylindrical metrics to the case of 
a non-empty boundary. 

Let g € TZiein{X). We denote by Hg the mean curvature of g on M. 
Then we define 

7^iem'=^^'°(X) := {g e 7^iem'=2'^(X) \ H-g = on M} . 

Let C e C^y^iX) be a cylindrical conformal class, and g e Cr]TZicm''y^'°{X). 
We define the normalized L^' -conformal class for A: = 1, 2 by 



[gjl... := C^.,. := \ u^^-g \ u ^ C^ (X) f^ if (X), 



du 
dv 



= 



M 



Here v is the outward unit vector field normal to the boundary M . Recall 
that the functional 



Q(X-g){u) 



J^ [an\du\'^ + Rgu'^] dcTg 



/^|u|"-2rfo-g 



1'2/ 



is well-defined on the space L,' (X) with m ^ 



M 




Zx\l,oo) 
Zx{0} Zx{l} 



-R 

1 

Figure 8: A cylindrical manifold X with boundary. 
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Now we consider the functional 

Ixig) ■■= 



Ix ^9 ^^9 



Vol^(X) — 

on the space of normalized L^' -conformal metrics, i.e. g € [5]r2 2 with 
g G TZiem'^y^''^{X). The following lemma is similar to Lemma [2.31 

Lemma 4.1 The functional Ix{g) is well-defined for metrics g £ [g]°2,2. 

9 

4 

Furthermore, Ix{g) = Q{x,g){u) if 9 = W^^^ ■ g. 
Let g e 7?,iem^^^'°(X). Then we define the constant 

Y,'y\x,M;[g\M]):=^ inf Ix{g). 



ma]°. 



The following result follows from |18| . 



Fact 4.1 r/'^^(X,M;[5|M]) < 5^(55, S"""!), where r(5'!f , S*""!) is the 
relative Yamabe invariant of the round hemisphere 5" with the equator 

The following lemma is is an analogue of Lemma lTsl The proof is essentially 
the same. 

Lemma 4.2 (cf. [3 Lemma 2.1]) The following identities hold: 

Y,'y\X,M;[g\M]) = inf Ix{g) = inf Q(x,§)M 

s6[9]%.2 uec~(X)nLi'^(X) 

= inf QiXq){u) = inf Q(Xq){u)- 

We conclude the following: 

Claim 4.3 Let g,g G C* n 7?.iem'^''^'"(X) be any two metrics. Then 

Y,'y\X,M;[g\M])^Y-'y\X,M;[g\M]). 
This allows us to define the relative cylindrical Yamabe constant. 
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Definition 4.1 Let C G C°^^(X) be a cylindrical conformal class and 

g G C O TZiem'^'^^'^{X) any cylindrical metric. Then the relative cylindrical 
Yamabe constant Y^^ {X,M; [cjIm]) is defined as 

Y;;y\X,M;dC) :^ >^^^^(X, M; [gU,]) - inf^,C% , ^^(5) 



= inf„gLi.2(x),„^oQ(^:9)H- 

It then follows that Y^'"'^{X,M;dC) < Y{S!l,S"'^). We remark here that 
in the case of compact manifolds with non-empty boundaries, this definition 
gives the relative Yamabe constant defined in 4 . 

|3J2. Finiteness of relative cylindrical Yamabe constants. Let h E 

TZiem.{Z) be a metric on the cylindrical end Z, and C E C{M) be a conformal 
class. First, we define the relative h- cylindrical Yamabe invariant of the 
triple {X, M; C) as 

Y'-^-^y\X,M;C) := sup Y^J^^ {X , M ■ C) . 

gEUiem'^y'^'^iX), 
dooQ = h, d[g\ = C. 

Second, we define the relative h-cylindrical Yamabe invariant of the pair 
{X, M) as 

Y^-''y\X,M):^ sup Y*'-''y\X,M;C). 

C£C(M) 

Finally, we define the relative cylindrical Yamabe invariant of X as 
Y''y\X,M):= sup Y''-''y\X,M). 

he'R.icm(Z) 

The definition yields the following inequalities: 

-00 <Y^-''y'^{X,M\C) < Y^-''y'^{x,M) 

< Y'^y^X, M) < Y{Sl, 5""-!). 
The following lemma is an analogue of Lemmas 12.71 12.91 
Lemma 4.4 

(0) If\{Ch) < 0, then Y^-'^y'^iX.M-C) = -00. 

(1) If\{Ch) > 0, then Y'^-''y'^{X,M;C) > -00. 
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(2) // X{£h) ^ 0, then > V'-'^y^X, M; C) > -oo. 
Now we define the following two constants which play a technical role. 
^ .^ .^f J^{anif? + in-l)in-2)p) dt 



In.^„{o.n{fr + in-l)in-2)p) dt 

Aq := inf = ;;-r2 ■ 

Lemma 4.5 Let A, Aq be the above constants. Then 

/n^ . / 1^^ Vol(5"(l)) \" r(5") 

(1) A = n(n - 1) -^ V-TTT = ^^ r- 

^ ' ^ \Yo\{S^-\1)) ) Vol(5"-i(l))" 



(2) v4o - n{ 



/ voi(5;(i)) y 

^Uoi(^"-Hi))y 



Vol(S'«-i(l))* 



(3) A = 2^Aa. 

Proof. (1) From [23 and [HHI, the Yamabe constant ^[^^+^(2] (5"""^ x R) 

(= Y{S^^)) is attained by the metric /"^^ {h+ + dt^) with a function / = f{t) 
depending only on i e R. This gives that Vol(S'""i(l))" • A = ^(5") = 
n{n— l)Vol(S'"(l)) " , and hence the equality (1). 

(2), (3). Similarly, we have 
Vol(S'"-i(l))t -Ao ^Y{Sl,S'^-^)^n{n~l)Vo\{Sl{\))i 
= 2-" •ri(n-l)Vol(5"(l))* 

= 2-t .voi(5"-i(i))" -^ ■ n 



Proposition 4.6 Let h G 7?.iem(Z) be any metric and h = h + dt^ a cylin- 
drical metric on Z x JH. 

(1) LfXiCh)<0, thenY^'^\ZxR)^-(x^,Y^y\ZxK>o,Zx{0};[h])^-(X). 
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(2) IfXiCh) > 0, thenY^'^'iZx-R) > 0, Y^'^'iZ x-R>„, Z x {0} ■,[h]) > 0. 

(3) IfX{Ch) = 0, then Y^^\z x R) = 0, Y^^\z x R>o, Z x {0} ; [h]) = 0. 

(4) IfX{Ch) >Q, thenY^^\ZxK) > , Y^^'^ (Z x Il>o , Z x {0} ; [h]) > 0. 

Proof. The assertions (1), (2) and (3) follow from arguments similar 
to the proof of Lemmas 12.71 12.91 Concerning (4), we postpone the 
proof that Y,^!' (Z x R) > to Proposition 15. 71 Here we only show that 

Y?^\ZxB.>o,Zx{0};[h])>Q. 

Assume that Y = Y^\z x R>o, ^ x {0} ; [h]) < 0. Then there exists a 

sequence of nonnegative functions Ui with Ui e C°°(ZxR>o)nL-' (ZxR>o) 
and Ui ^0 such that 

Q(ZxR>o./i)("«) ^^ < 0' asi^oo, 
^=0 on Zx{0}. 

We set Ui eC^iZ xR)n L\^{Z x R) by 

Ui{x,t) for (a;, i) e Z X R>o, 



"*^^' ^^ ~ \ u,(x, ~t) for {x, t)eZx R<o. 
Then lim sup Q/zxr h){'^i) — 0; ^^d hence Y,^!' (Z x R) < 0. This contra- 

i — »C30 ^ 

diets that Y,lf(Z x R) > 0. D 

[h] ^ ' 

Let X be an open manifold with tame ends Z x [0, oo) (and without bound- 
ary). We decompose X as 

X = X{l)Uz{Zx [l,oo)). 

Here the manifold Z x [1, oo) endowed with a cylindrical metric h + dt^ is 
considered as a cylindrical manifold with the boundary 

d{Z X [l,oo)) = Zx {1}. 

For g e TZiem'^y'^iX) with ^005 = h, set C = [g] E C^y^X). Then we denote 

Y, := Yc^^^^^{X{l),Z;[h]), 

Y2 := Y^y' (Zx [1, 00), Zx{l} ;[/.]). 

Here Yq,^^ (-'^(l)) Z; [h]) is the relative Yamabe constant defined in ^. 
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Theorem 4.7 Under the above assumptions, we have 

Y?y\x) >l - (l^il* + l^2|*)" if Yi,Y2 < 0, 
'^ 1 min{Yi,l2} otherwise. 

Proof. First, we notice that if Y2 = —00, then there is nothing to prove. 
Hence we assume that Y2 > —00. 

For any function u £ C^{X) with u ^ 0, 



/^ [an\du\^ + R-gU^] da-g 
Q(x.^g)(u) =- 



We denote: 



Jx(l) Jzx[l,oo) 

It is enough to consider the case a, (3 > and a + f3 = 1. Then we have 
1 Ix{i)[(^^\M^ + RgU^]d(7g 



Q(X,g){u) = 



x-2 



1 /zx[i,oo) KM^P + -Rg"^] c'^g 

1 + .)°^ P'^ 



.-2 /x(l) [anM^P + ^gU^] C^CTg 



Tl-2 

a 1 



> a'^Yi + {l-a)'^Y2 
for any a £ (0, 1). Clearly one has 

Y^y\X) > inf \a^Yi + {l-a)'^Y2] 



(iFilf + |r2|t)" if yi,y2<o, 

niin {li , Y2} otherwise. 



K. Akutagawa, B. Botvinnik, Yamabe metrics on cylindrical manifolds 42 

This proves Theorem 14. 71 D 

Theorem 14 . 71 and Proposition 14. 6r 4) imply the following result. 

Corollary 4.8 Let X be an open manifold with tame ends Zx [0,oo) and 
g G TZiem'^'^^ {X) any cylindrical metric with 9oo5 = h E 7?.iem(Z). Assume 
that XiCh) >0 on Z. Then Y^^f{X) > min{Yi,y2}. 

|4j3. Surgery and the cylindrical Yamabe invariant. Let M" be a 

closed manifold of dim M = n > 3 and N C M" be an embedded closed 
submanifold of dim N ^ p < n—1 with trivial normal bundle vn ■ We observe 
that the open manifold Af \ A^ is a manifold with a tame end Z x [0, c»), 
Z = Si~^ X N since a tubular neighborhood D"! x N oi N without A^ itself 
is diffeomorphic to 

5"?^^ X TV X (0, 1) = S"^"^ X TV X R>o <ZM\N, q = n - p. 

With these understood, we prove the following result. 

Theorem 4.9 Let M be a closed compact manifold of dim M — n>3 and 
N an embedded closed submanifold of M with trivial normal bundle. Let 
Qn G TZieuY{N) be a given metric on N and ft.+ the standard metric on 
3"^^ ^ . Assume that q = n — p > 3. 

(1) IfY{M) < 0, then for any e > there exists 6 = S{e,gN, \YiM)\) > 
such that 

y(«=.H+9iv)-cy^(^/ \ TV) > Y{M) - £ 

for anyO <K<d. In particular, Y''y'^{M \ N) > Y{M). 

(2) IfY{M) > 0, then there exists S = S{gN,Y{M)) > such that 

y(K^-/i++ffjv)-cy£^^ \ A^) > 

for any < n < S. In particular, Y''y^{M \N) > 0. 

Proof. We choose a "reference" metric g on M and e > 0. Let Ue{N) be 
an open tubular £-neighborhood of N. Then we define a manifold X with a 
tame end Z x [0, oo) as follows. Let 



W 

Z 

X 



M\U,iN), 
dW = S"?-i X N, 
WUziZ X R>o) = M \ N. 



From ,32, (cf. |2I]), we recall the following: 
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For any Riemannian metric g € 7?.iem(M) and any e > 0, there exist 
S = S{e,gN,\Y{M)\), L = L{e,gN,\YiM)\) > and a metric g e 
TZiem'=y'^{X) such that 

f (a) 5 = 9 on W, 

(b) Rg> Rg-^ on X^M\N, 

(c) Vol,(X(L)) < VoUM) + -^^^^^,^^, 

(d) g — (k'^ ■ h+ + 5jv) + dt^ on Z X [L, oo) for any < k < 6. 
In particular, Rg > on the cylinder Z x [L, oo). 

(1) From the assumption Y{M) < 0, for any e > there exists a conformal 
class C e C{M) such that 

> Yc{M) > Y{M) - - 

Then there exists a Yamabe metric g ^ C with Volg(Af) — 1 and and 
Rg = Yc{M) < 0. The above assertion imphes that there exists a metric 
g e TZiem'^y^{X) satisfying (a)-(d). Now Proposition I4.6f 4') imphes that 

^[§li[.,oo,](^ ^ [i,«^),^; [«' • /i+ +5iv]) > 0. (14) 

Theorem 14 . 71 now gives 



F,, (X)>mm| ^j..^__^^(^,[i,^),^.[,..,^+,^]) ^ 

We see that if Y^I^X) = Y^^^M \N)>0, then 

y(,.^./i++s„)-cy£^^j \ iV) > Y^lf{M \N)>0> Y{M) > Y{M) 
Furthermore, ^^ imphes that if Y.'ifiX) < 0, then 

0>yjf(X) > Y^'.y'^^jXiL),Z;[^^-h++g^]) 

> Vo\g{X{L))i-mmx{Rg-i} 



> 



2_ 



> rc(M)-^>>c(Af)-£. 
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These imply that y(«'-'»++9«)-c!/^(M \ A^) > Y.'ifiM \ N) > Y{M) 



e. 



(2) From the assumption Y{M) > 0, there exists C G C{M) such that 
Yc{M) > ^Y{M) > 0. Then there exists a Yamabe metric g € C with 
Volg(M) = 1 and Rg = YdM) > 0. From the above (a), (b) and (d), there 
exist S ~ S{gN, Y{M)) > and a metric g e 7?,iem^^^(X) such that 

Rg > \Rg > on X, 

^ = (k^ • /i+ + 5Ar) + dt'^ on Z X [L, oo) for < k < S, 

Rg — RK?.h^+gj^ > <5o > on Z X [L, oo) for some 5q > 0. 

Therefore Corollary 14.81 and Proposition I4.6f 4'l imply that there exists a 
constant Si > such that r('''-''++9iv)-c!/^(x) > Y^^^X) > Si for some 

Corollary 4.10 (cf. |32[ Theorem 1.1]) Let Mi,Al2 be closed manifolds of 
dim Mi = n > 3 and N C Mi an embedded closed submanifold of dim N = p 
with trivial normal bundle {i — 1,2). Assume that q — n — p > 3. Let Mi^2 
be the manifold obtained by gluing Mi and A/2 along N . Then 

(1) LfY{Mi),Y{M2) < 0, then Y{Mia) > - {\Y{Mi)\^ + |r(M2)|t)*. 

(2) LfY{Mi) < and ^(Afa) > , then Y{Mi,2) > Y{Mi). 

Proof. Let gN G 7?,iem(iV) be a metric and e > a small constant. 

(1) Theorem 14 .yf l'l gives that there exists Kg > (/tg ^ as £ -^ 0) 
such that 

y('"?-''++9")-'=!'^(M, \N)> Y{M,) -e, i = l,2. 

SetU = N X D'i. Then A/1,2 = (A^i \ U) Uqu (A/2 \ U). From Theorem IT71 
we have 

Y{Mi^2) = Y{{Mi \ U) Uou (M2 \ U)) 

> - /'|y(«'-''+9«)-'=J''^(A/i \ U)\^ + |y(«?-''+9")-^y^(A/2 \ U)\^) " 

> -((|y(A/i) + £|t + (|y(A/2) + e|^)" 

> -{\Y{Mi)\^ + \Y{M2py ^Ce. 
Hence Y{Mi^2) > - {\Y{Mip + |y(A/2)|^) ". 
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(2) From Theorem 14.91 there exists k^ > such that 

yi'^l-h+aNycyif^j^j^ \]M)> Y{Mi) - e, y(«'-''+9iv)-c!,^(^.^2 \ iV) > 0. 
Then Theorem 13 . 71 imphes that 

Y{Mi^2) > r('''-''+S")-'=!'^(Mi \ A^) > Y{Mi) - e. 
Hence F(Mi,2) > Y{Mi). U 

5 The Yamabe problem for cylindrical 
manifolds 

|5ll. Yamabe problem for cylindrical manifolds. Let X be an open 
manifold of dimX = n > 3 with tame ends Z x [0, cxd) (and without bound- 
ary). Let g be a cyhndrical metric on X with 9oog = h for h e 7?.icm(Z), 
and C = [g] ^ C^y^{X). For simphcity throughout this section we assume 
that Z is connected. However, the corresponding resuhs in this section hold 
even when Z is not connected. 

Recall the following on the Yamabe constant Y^^ (Y): 

Y'^^^X) = inf QiXq){u), where 

J^ - r 

Q(x,g){u) = ^^ , E(^x,g)iu) = / [an\duf + Rgu'^]dag. 



The following is the Yamabe problem on cylindrical manifolds. 

Yamabe Problem. Given a cylindrical metric g on X, does there exist a 
metric g = u'^^^^ ■ g G [5]^i,2 such that Q(x,g){u) = Y,'^J {X)? 

If such a function u exists, we shall call u a Yamabe minimizer with respect 

_ . 4 _ 

to the metric g and the metric g = w^-^ ■ g a Yamabe metric in the 
cylindrical conformal class C — [g]. First we prove the following. 

Proposition 5.1 Let {X, h) = {Z x H, h + dt^) be a canonical cylindrical 
manifold with \{Ch) — 0. Then there does not exist a Yamabe minimizer 
u e C^{X) n Lj' (Y) with respect to the metric h. 
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Proof. First recall that from Proposition 14. (il if X{Ch) = 0, then 
Yj'^^ {Z X R) = 0. The condition X{Ch) = also implies that there exists 
ip e C^{Z) such that £/,.(p — 0. We set h := ip'^^^ ■ h. Clearly we have 
Rj^ = 0, and daj^ — ip"-^ da^^. Suppose that there exists a Yamabe minimizer 
u e C^{X) n L\'^{X) with J^u^da-^ = 1, and hence E^x,h)i'u) = 0- 
Then from FactEHi) and FactO(in Appendix), E^^ j^^{ip-'^u) = 0. Set 
V = ip-^u e C^{X) n L]f{X). Then 

/ V ^-^ da f^<oo and E,xf^Av)—0, (15) 

and hence 

This combined with p5(l gives that w = 0. This contradicts that v > 0. D 

|5j2. Solution of the Yamabe problem. Recall that Y^^ {X) < 
^\h+dm (^ X R). First, we consider the case when \{Lh) > and Y^^ (X) < 

Theorem 5.2 Let X be an open manifold with a connected tame end 
Z X [0, cxd) and h G 7?.iem(Z) a metric with X{Ch) > 0. Let g be a cylindrical 
metric on X with doog — h, and C = [g\. Assume that 

Then there exists a Yamabe minimizer u G C'^{X) C] Lg' {X) with 

Ix ^""^ d,ag — 1 such that Q{x,g){u) = Yp' {X). Ln particular, the min- 
imizer u satisfies the Yamabe equation: 

LgW — — a„Agii + RgU ~ Yp' {X)u^~^ . 

For the proof of Theorem 15.21 we first prove several lemmas and proposi- 
tions. 

Recall that X{L) = X\{Zx(L, oo)) for each i > 0. From the condition 



Y^" (X) < y[,'j+rft2] C^' X R), there exists io >> 1 such 



that 



cyt 



Ql:^ inf g(x,g)(/)<y[^7<i,2](^xR) for any L > Lo 



/ei,i'^(x), /^o 

/=0 on Zx[L,oo) 
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Then the standard argument combined with the inequahty Yi^A.iit2] (^xR) < 
y(S'") implies the following fact (cf. 'W, Chapter 5]). 

Lemma 5.3 Let {X,g) be a cylindrical manifold as above. Then there exists 
a nonnegative function ul G C'^ {X) C°° (Int[X [L))) for each L > Lq such 
that 

Q{X,g){uL) = Ql , 

Ul > on lnt{X{L)), u^ =0 on Z x [L, oo), 



u£ "dcTg = 1. 
ix 

In particular, the function ul satisfies the equation 

n + 2 

-anAgUL + RgUL = Qlu^'^ on Int(X(L)). 
Moreover, the following properties of the constant Ql hold: 

• Qli > Ql2 if -^1 < L2. 

• Ql^ Y^y\x) as i ^ 00. 

Lemma 5.4 There exists a positive constant Co such thatu^ < Co onX{2) 
for any L > Lq- 

Proof. Suppose that there exist Li > and a point pi £ X{2) for i = 
1, 2, . . . such that 

Li — > 00, and ul ipi) = maxu^. =: rui — > 00. 

X(2) ' 

Since X{2) is compact, we may assume that pi ^ po & X{2). 

Let {[/, X = (a;^, . . . , a;")} be a normal coordinate system centered at 
Po- We may also assume that {|x| < 1} C U. We define the functions 



Vi{x) := m- -Ul, ( ™i " ^- x + x{pt) 1 for x £ i \x\ < m" ^ (1 - \x{pi)\) 

Similarly to the proof of Theorem 2.1 ,40, Chapter 5], there exists a positive 
function v £ C^(R") such that Uj converges to v in the C^-topology on 
each relatively compact domain in R" . Let Ag be the Laplacian on R" with 
respect to the Euclidean metric. Then the function v satisfies the following: 

anAQV = Y^y'''{X)-v^ on R", 
v^-^dx < lim inf / u£ ^ < 1. 
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Hence y^^^(X)>r(5"). This contradicts that r^^^(X) < Y^^^^^^^{Z xR) < 
Y{S"). D 

We consider ul on the end Z x[l, oo) with the metric g — h + dt^. Note that 
the metric g is invariant under parallel translations along the i-coordinate. 
By using this fact, one can obtain (similar to the proof of Lemma (HJ that 

UL<K on Zx [2,oo) (16) 

for any L > io, where K > Q is a. constant independent of L. Set iCo := 
max{Co,iir} > 0. Then Lemma [5.41 and H16(l imply the following. 

Lemma 5.5 There exists a constant Kq > such that u^ < Kq on X for 
any L > Lq. 

Convention 5.6 Let {X,g) be a cylindrical manifold with g = h + dt^ 
on Z X [l,oo), where h is a metric on Z with X{Ch) > (resp. X{Ch) = 0). 
Throughout this and the next sections, we will use the following convention. 
By the reason below (replacing the metric 5 by a suitable pointwise 
conformal metric if necessary), we may assume that the cylindrical metric 
g satisfies the following 

Rg — Rh> Rmin '■= mini?/i > (resp. Rg = Rh = 0) on Z x [l,oo). 

With this understood, we use some constants depending on i?min in this 
and the next sections. One can easily replace those constants by other ones 
which depend on the invariant X{Ch) and 5h defined below. 

The condition \{Ch) > (resp. X{Ch) — 0) gives that there exists a 
function iph E C^{Z) such that 

J Ch'^h = X{Ch) ■ (fih on Z, 
I maxiph = 1. 

Let (p G C^{X) be a positive smooth function with 1^ = 1 on X{0) and 
(f = (fill on Z X [l,cx)). Set g = Lp-^-^ ■ g and 5h '■= rnin^ ip > Q. Then we 
have 



on Z X [l,cx)). 



5h ^ • dan < dan < da^ 



Clearly Agf = p^ —" • /" for any function / = f{t) e C°°{Z x [l,oo)) 
which depends only on i G [l,oo). We can use this property to construct 
comparison functions on Z x [l,oo). Now we have 

Rg = X{Ch) ■ ^-^ > X{£h) > (resp. Rg = X{U) ■ ^-^ = 0) 
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on Z X [l,cx)). We emphasize that the metric g — Lp^-^ ■ g is no 
longer a product metric on Z x [l,oo), but (/? = (p/j is a positive smooth 
function depending only on a; G Z. One can use this property of the metric 

4 _ 

g — ipn-2 . g to obtain higher derivative estimates on Yamabe minimizers 
similarly to the cylindrical metric case. D 

Consider the canonical cylindrical manifold (X, h) = {Z x R, h + dP) asso- 
ciated to {X,g). 

Proposition 5.7 Let {X, h) = {Z x R, h + dt^) he a canonical cylindrical 
manifold with \{Ch) > 0. Then Y,^? (X) > 0. 

Proof. As above, we may assume that i?min — min Rh > 0. Then Ric^ > 

(n — 1)k on Z since Z is compact, where k is a constant (not necessarily 
positive). Denote by Br{x) a geodesic ball of radius r centered at x G X. Let 
A^ — d/dr be the heat operator on X and p — p{x, y, t) the heat kernel of 
A^ — d/dr. Then the following estimate on p(a;, x, t) was proved by Li-Yau 
(see UHl): 

p{x,x,t) < ' cxp(-c(n)fcT) (17) 

yok{B^{x)) 

for all (5 > 0, r > and x G X. Here c{n, 6) (resp. c{n)) is a positive constant 
depending only on n and S > (resp. n). We also notice that 

Vo\j,{B^{x)) > C-' ■ r'i (18) 



for < r < 1 /idiam(Z, h), where C > is a constant. Set 



To := max < " , -diam(Z, /i) > > 

L -n-min 2 J 

and S — 1. Using (|18|l in (|17|l . we then obtain the following estimate 

, V O ■ C{Tl^ ) / / \ I I \ / /-^\ 

p[x,x,T) < w exp(c(n)|K|To) (19) 

r 2 

for < r < tq. Set C4 := C-c{n, 6) exp(c(n)|K|To). Now we use P^l Theorem 
2.2] and (Unj to obtain 

Tl-2 

^l/l^rfa^) " < C'-CianJ^(^\df\^ + ^f^daj, 
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for any / S C^{X), where C > is a constant independent of /. This 
impUes that 

r|f (X) = Yg,^.^{Z X R) > -^ > 0. 

This completes the proof of Proposition 15. 71 D 

Now we return to consider the cyhndrical manifold {X,g) in Theorem 15. 21 
liY^y^X) >0, weset 

Clearly (5 < 1 by the assumption in Theorem 15.21 In this case, we may 
assume that 

Y 4 

for any L > La. If Yp' (X) < 0, we set (5 = 0. Using the Moser iteration 
technique, we then show the following decay estimate of u^ on the cylindrical 
end Z X [1,00). 

Proposition 5.8 Let u^ he the minimizer obtained in Lemma \5.ci\ for 
each L > Lq. Then there exists 



Li=Li{ ^ , n]>2 



[l-S^Rn 



such that 

sup UL < -^T ■ -^^ (20) 

Zx[to-ir,to + |r] Y i r 2 

for any to, r > satisfying tg — r > Li. Here Cn > is a constant depending 
only on n. 

Proof. We give the proof only for the case Y^ (X) > 0. The case 
Y^ (X) < is much easier, hence we omit it. For any / g C^{X) with 
Supp(/) C Z X [l,oo), we have 

J l/l^rfag <^J \df\^dag + 1 1 R^f^da-g. (21) 

The minimizer ul satisfies the equation 

R- (It 11+1 

- A-gUL + ^UL = ^u-' (22) 
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with Ml = on X \ X{L) and it^ > on Int{X (L)) . Then u^ satisfies the 
following differential inequality 



R-g QL ^ 

^gUL H -ul < u^ on A 



(23) 



in the distributional sense. 

Let 7y be a cut-off function with Supp(7/) C Z x [I, oo) and < 77 < 1. 
Recall that g — h + dt^ and Rg = Rh on the cylindrical end Z x [I, 00). We 
use H21II and (|23|l to prove the following assertion. 

Claim 5.9 For any a > 1 and any small e > 0, the following estimate 
holds: 



X 



{rj'ul+')-^-d<jg 



< 



(« + l)(a + 1 +e) (^L / 2 "+i-2 , 

' 77 u^ dag 



4(a-|) 



Y 



X 



(24) 



CnCte I I , |2 Q+1 7 

\dv\ "l df^g, 



Y 



X 



where C„ > is a constant depending only on n. 

Proof of Claim 15.91 We multiply both sides of (|23|l by rj'^u"' for any 
a > 0. Then integrating by parts, we obtain 



4a 



(« + 1)2 Jx 



V 



dUr 



dag- 2 rildrilullduLldag 



x 



< -— I Ru^^ul+Hag + ^ ( ^^ut^^da-g. 

a-n Jx 



1 

an JX 

The Young inequality implies 



(25) 



r]\dr^\ul\duL\ < e^i • \dr]\^u 



-1 . U^|2,,a+l 



duj 



(a + 1)2 
for any £ > 0. We use ()25|l and H2()|) to obtain the estimate 



(26) 



rj 



X 



du. 



dag 



< 



(a + l)2 
4(«-§) 



X 



2s-Mv\'-—Rhri']u1+'dag + ^ I r^ 



OLr, 



a 



(27) 



'■ dar, 



n J X 



K. Akutagawa, B. Botvinnik, Yamabe metrics on cylindrical manifolds 52 



for < e < 2a. It then follows from (EU, ^ and ^ that 



X 



±1\ TT^ 



Wl 



dag 



< 



— / d (^?7M^" j dag + — I Rh [vu^" j da. 



< : ^. r, u^ da-g 



4(«-|) 



Y 



X 



(28) 



an \ {a + l){a + l + e)e ^ , , , ..x-i 



X 



\di^\''ul+^dag 



1 f(a + l)(a + l + £) , I / „ 2 a+l, 

- 1 ;> / RhV u^^ dag. 



Y 



4(c 



X 



We notice that 



(Q: + l)(Q; + l+e) 



4(a-|) 



1 >0 



for < e < 2a. From i?/j > 0, 



X 



Rhv'^ul+^da-g > 0. 



Combining these observations with H28(l . we obtain the inequality (|24|l for 

a> 1. n 

Now we continue with the proof of ProDOsition l5.8l Set a = 1 in 124(1 . then 



X 



Then we use 



Tj^-^ul ^dag 



2 + e Ql f 2 .ft . 
C e^^ f 



da^ < Ut ^ dan = 1 



(29) 



X Jx 



to obtain the estimate 



/ ry"-2u£-'dCTg < ( / 77"-2M£-"dcrg 



(30) 
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From (|29|l and H3U|) . we also obtain 



2 + e Ql\ /■ - ^ , ^ C,,e-^ 
2~e'~j/ ^ '^L dag < ^ , i^,, ^u^^^g. 



l-7^--ir) I^V^u-^da-g < ^^ J^\dv'\uidag. (31) 



Take e > in (EIJ as e = ^5^- From 

we notice that 

1-^.^>1^. (32) 

It then foUows from (EU, (|S3) that 

J^^^^urda-g < (J^^J^ M'ulda-g, (33) 

where C^ > is a constant depending only on n. 

With these understood, we also show the following. 

Claim 5.10 

/ . ,^f'dag< '^g^ .1 (34) 

/or any r > 1. 

Proof of Claim 15.101 For any T > 0, choose a cut-off function r/ in l|33() 
satisfying 

ry = 1 on Z X [r + l,T + r + 1], 

ry = onX\(Zx [l,r + 2r + l]), 

\dv\ < 7 on Z X ([1, 1 + r] U [T + r + 1, T + 2r + 1]) . 

^^ ^^ 

From (|23|l and /^ u2^^ da-g = 1, we notice that 



X 



Uj^dag 


< 


i 


/ (anlduif + RhU] 


-n^min , 




< 




/ u^ dag< 

JX ^min 
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This combined with (|33|l impHes 



u? ^ daa < 

r+l.T+r+l] 



I 

J Zx[r+1 

and hence from ^ < 1, 

JZx\r+l,T+r+l 



4c; Ql i_ 



4c; 1 

L -"5^ (l_^)2^^./^2■ 



Letting T ^ oo, we then obtain the estimate (|34|l . Q 

We return to the proof of Proposition 15.81 From Holder's inequahty, we 
notice 

2(n + 2) n 4 2n 

2 Ti-2 7 / Tl-2 2 71 — 2 7 

X Jx 

- n "-2 

<([ urdaA ■( f L'urY'^daA . 

\Jsupp(7,) ) \JX \ J ) 

Set a — ^^ and e = 1 in H24|l . Then this combined with the above inequal- 
ity implies 



(^-i) V^SUPP(.) 



Cn n + 2 /" , , ,9 2,1 , 



(35) 



From (|34|1 . there exists Li = Li ( .j^_^Ap . , ^) > 2 such that 

/Supp(r,) / ^ 



ra+2 _ l\ 
n-2 2^ 



for any rj satisfying Supp(77) CZ Z x [Li,oo). It then follows from H35() and 
(|SSl that 

Tl-2 

^ 2 .ft^\^ 7 \ " ^ 10 ■ g« f |, ,2 ^7 

V U^ j d(J-g\ < y / |dr/| W^ dCTg. 
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to — r > Li. Then we choose a cut-off function 77 satisfying the following 
conditions: 

?7 = 1 on Zx [to- |r,to + |r], 
7? = on X\{Z x[to-r,to + r]) , 
\dr]\<^ on Zx{[to-r,to-^r]U[to + ^r,to + r]). 

Let X •= Xzxftn-i^rt +2rl denote the characteristic function on the cylinder 
Z X [to — |r, to + jr]. Then we have 



Lk 



'250 -Cn 1 \ "" 



Ix-^lII ^^<(^^--) . (37) 



Now we specify the cut-off function as follows. Let A , A+ be positive con- 
stants satisfying ^ < A^ < A+ < |. We set 77 as 

t] — 1 on Z X [to — A^r, to + A^r], 

?7 = on X\{Z x[to- A+r, to + A+r]) , 

\dri\ < .(A+'-A-) o^^ ^ X ([^0 - A+r, to - \-r] U [to + X'r, to + A+r]) . 



We 



Let ^q,r) -.^ I f uldaA for q > ^. Set -/ = ^ > I. 

\Jzx[to-r,to+r] ) 

prove the following assertion. 

Claim 5.11 There exists a constant Cn > depending only on n such that 
the following inequality holds for any q > -^ ; 

$(79, A-r) < I ^ (g^ + l) f ' '^(«' ^^^)- (^8) 

Proof of Claim [5.11L By Holder's inequality, 13 7|) and the Young inequal- 
ity, we obtain 

V^y-T^da-g = / uf^ -rful+^du-g 



(39) 



X JX 



<\\x-ul\\-\. -Wri-uTr .„2 



7^ 



(X) Lf-^"+\X) 

1 



/250-C„ 1\" r , „ H+i 



a + l 



<(z:__^._l .^e'.||^^^|| ^ +(e') — hzi^L.f^) 



V r rV I '" ^ "ir^m 



K. Akutagawa, B. Botvinnik, Yamabe metrics on cylindrical manifolds 56 



for any e' > 0. Set e = 1 in ^^. It then follows from lEH) and ^^ that for 
any a > ^ 



X 



< 






dCTg 



Y 



11 — 2 

Y^^ 



(eT-h"Z^II% +(£r'"-^Ml^-Z^lli^_(x) (40) 



+ / \dv\^ul+^dag 
Jx 

YirTi , ^ ('2 r7'M^ (T^ 

Set {e'f - 7—^ in ^. Then (e')"^""'^ - ^ "; ,, " , and hence 
2 C'^OL Y^r r^ 

II ^||2 ^C'n'a^ii ^||2 C'n",, , , , ^,,2 

Finally we set g = a + 1, and then this implies the estimate (|38|l . D 

Now we complete the proof of Proposition 15.81 The estimate l|88|l can be 
iterated to yield the desired result. Indeed, we set 

for ?n = 0, 1, 2, . . .. Then we use (I38II to obtain 






y 4 7* 2 

(41) 
Letting ?ti — > oo in H41|l . we obtain the estimate H2()(l . This completes the 
proof of Proposition 15. 81 D 

Now we show a more precise decay estimate of the minimizers ul on the 
cylindrical end Z x [1, cxd). 
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Proposition 5.12 LetuL be the minimizer obtained in Lemma \5.!A for each 
L > Lq. For any a > satisfying a < \ "^"'" , there exist constants K = 
K{a) > and i = £{a) > such that 

UL <K ■ e""* on Z X [£, oo) (42) 

for any L > i. 

Proof. From (jJOJ, there exists £ — £{a) > such that 



for any L > £. We set 

Consider the function wl ^ u^ — K ■ e~°'* on Z x [£, L]. It then follows from 
(E2) and 113) that 

Rh Ql _ 



1 + 2 

an a„ 



[\ O^n J an ) 

> a^ -Wl on Z x {£,L), 

and WL\zy.{e.} < 0, wl|zx{l} < 0. By the maximum principle, we obtain 
that 

WL^UL~K- e-'^* < on Zx[£,L\. 

This completes the proof of ProDOsition l5.12l D 

Proof of Theorem l5.2L The L'p and Schauder interior estimates combined 
with Lemma Is. 51 imply that 

I|wl||c2.°(x(»)) < C{i) 

for any L > Lq and i — 1,2,..., where each constant C{i) > is inde- 
pendent of L. Then by the argument of diagonal subsequence, there exist 
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a subsequence ulj and a nonnegative function u S C^{X) n Lg' {X) such 
that ul —* u with respect to the C^-topology on each X{i). Furthermore, 
the function u satisfies 

-an/^gU + R-gU^Yl!'\x)-u^ on X. (44) 

Combining Lemma 15.51 with 40,, Proposition 3.75], we notice that u > on 
X 01 u = Q on X. Hence from (gH), u £ C°°{X). 

On the other hand, it follows from 1421) that for any small £ > there 
exists L{£) > such that 



X(L(e)) 



u£ ^ dffg > 1 — e for any L > Lq. 



Then the C^-convergence ul, — > u on X{L{e)) implies 



/, 



u-^-^dag > 1 



IX{L{e)) 

This implies that u > Q on X and 

u^-^dag = 1. 
ix 

This completes the proof of Theorem 15.21 D 

__ 4 _ 

|5J3. Singularities of the Yamabe metric. Let g = u^-^ g be the Yamabe 
metric obtained in Theorem 15.21 Wc also prove the existence of a Yamabe 
metric for the case X{Ch) = f Theorem 15.14(1 . Moreover, we study the 
singularities of the metric g near infinity of the tame end Z x [0, oo). There 
are two very different cases here: X(Ch) > and X{Ch) = 0. 

We start with the case X{Ch) > 0. A canonical model here is provided 
by the canonical open cone 

Cone{Z) = {Z X (0, 1), r^ ■h + dr^) 

over (Z, h). To obtain the cylindrical coordinates, we set r = e^*. Then we 
identify the cone Cone(Z) with 

Cone{Z) = {Z X (0, oo), e~^\h + dt^)). 

We use the cone Cone{Z) as a canonical model to introduce the following 
definition. 
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Z X [L, cxo) 



Z X [l,oo) 
Figure 9: Almost conical metric. 



Definition 5.1 Let N be an open manifold with a connected tame end 
Z X [0,oo). A metric g G 7?.iem(iV) is called an almost conical metric if 
there exist a coordinate system {x,t) on Z x [0, oo), a metric h S TZiem[Z), 
constants < a < /3, < Ci < C2 and a positive function ip e C^{Z x 
[1, 00)) such that 

(i) g{x, t) — Lp{x, t){h{x) + dt"^) on Z x [1, 00), 

(ii) Ci • e-^* < Lp{x, t) <C2- e""* on Z x [1, 00). 

Below we state the result on singularities without using Convention 15.61 

Tiieorem 5.13 Under the same assumptions as in Theorem \5.iA let u G 
C'^(X)C\Lg' {X) he the Yamabe minimizer obtained in Theorem \5.S\ Then 

1 \ \ I r \ 

for any constant a > satisfying < a < ( mm iph] ■ \ —, there 

\ z J y a„ 

exist constants C, C_> and i > such that 



C-e"""* < u(a;,t) < C'-e""* for {x,t) e Z x[£,oo), where ao 



IHU) 



Oin 



Here C = C(a, n, A(£;i), min (/7/i), C_—C_{n,X{Ch),'mm(ph, min u),£ = 

Z Z Z X \1} 

£{a,n, X{Ch),'nimiph), and these constants also depend on ^\h+dt^}^^ ^ ^)' 

Yp' {X). In particular, the Yamabe metric g — u"-^ ■ g on X is an almost 
conical metric. 

Proof. In the proof of Proposition 15.121 we replace the cylindrical metric 

4 

g by another metric g G [g] satisfying g = (/^^"^ ■ g on Z x [1, cx)), where cph 
is the positive smooth function given in Convention 15.61 
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Let u £ C'^{X) n Lg' {X) be the Yamabe minimizer with respect to g with 
un-2 . g — u"-2 . (jr. Recall that Rg ~ \{Ch) ■ V^ " ^ ' niax(^/i = 1 and 

^9/ = ^h"^ ■ /" for / = /(t) e C°°(Z X [l,^)). 



2 I \ ( r \ 

By these properties, for any < a < (niinGS/i) • -i/ there exist 

\ z J \ a-a 

K — K{a,n, X{Ch),'mi'n^h) > and £ — ^(a,n, A(£^),min(/3^) > such 
that 

u<K-e-°'^ on Zx[£,oo). 

A similar argument to the above and Proposition 15.121 combined with 
the condition Y^^ (X) > 0, implies that there exists a constant K^ = 
K(n, X{Ch), min m) > such that 

Zx{l} 

u>K-{miniph)-e~°"'* on Zx[l,oo). 

This completes the proof. D 

Next, we study the case when A(£^) = 0. Here a canonical model comes 
from hyperbolic geometry, namely, it is given by cusp ends of hyperbolic 
manifolds, see J15l Chapter D]. 

A cusp end of a hyperbolic n-manifold of curvature —1 is given as 

(i?"^Vr)x[l,00),^(/lflat+dt2) 

Here {K^"^ /T, ft-fiat) is a closed Riemannian manifold uniformized by a flat 
torus r"~^. With this understood, we introduce the following definition. 

Definition 5.2 Let N be an open manifold with a connected tame end 
Z X [0,00). A metric g G 7?.iem(iV) is called an almost cusp metric 
if there exist a coordinate system {x,t) on the cylinder Z x [0, cxi), a 
metric h e 7?,iem(Z), constants < Ci < C2 and a positive function ip e 

C^{Z X [1,00)) such that 

(i) g{x, t) — ip{x, t){h{x) + dt"^) on Z x [1, oo), 
(ii) Ci • t"2 < ^(2;, t) < C2 • t-2 on Z X [1, 00). 
RecaU that A(£,0 = imphes that Y^^^^^^^ (Z x R) = 0. Hence Y^^^X) < 0. 
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Z X [L, CX3) 



Figure 10: Almost cusp metric. 



Theorem 5.14 Let X be an open manifold with a connected tame end 
Z X [0, cxd) and h G TZicin{Z) a metric with X{Ch) = 0. Let g be a cylindrical 
metric on X with 9oo5 — h, and C = [g]. Assume that Y^^ {X) < 0. Then 
there exists a Yamabe minimizeru e C^ {X)C^Lg' {X) with j-^ u-^-^dog = 1 

such that Q(x,g){u) = Y^^ (X). In particular, the minimizer u satisfies the 
Yamabe equation: 



lUgU 



4(n - 1) ^ 
n-2 ^ 



RgU 



Y- 
c 



yl 



{X)U^ 



Moreover, there exist constants < C_ < C such that 

C_-t ~^ < u{x,t) < C ■ t ~^~ on Zx[l,(X))and 
C = Cin^Y^}' (X),iRm(ph, max u), C — C(n,Yj^^ (X),inmLph, min u). 

^ ' C y I' z ^ ' Zx{l} '' — —y^C^'^z ^ ' Zx{l} ' 

4 _ 

In particular, the Yamabe metric g — U"~^ ■ g on X is an almost cusp 
metric. 

Proof. As in Convention 15 . 61 we may assume that Rh = on Z. For any 
L > 1, there exists a nonnegative function ul G C'^{X) D C^(Int(X(i))) fl 
Lg' (X) satisfying the same properties as in Lemma 15.31 Similarly to the 
proofs of Lemmas 15.41 15.51 there exist constants io > > 1 and Ko > such 
that 

UL <Kq on X (45) 

for any L > Lq- Here we may assume that 



Qi 



< -rj^'(x) < 



for L > Lq. 



(46) 
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We set the constant C by 

-^ . , n{n - 2)an , t^ \ n 

C = max < ^ y-^ — ,Ko} >0. 

Consider the function wl = ul — C • t ~ on Z x [1,L]. It then foUows 
from ^F^ and lO that 

\Y^^Ux)\ r ii±2 /_ „-2x^i 

and wl\zx{i} ^ 0, Wij^xfL} < 0. By the maximum principle, we obtain 
that 

WL^UL-C ■t^'^ <0 on Zx[l,L]. (47) 

From (|47ll . for any smaU e > there exists L(e) > such that 

/ ul-" da-g>l~ C^^ ■ VoU(Z) • / — dt>l^e (48) 

Jx{L{e)) JL(e) *" 

for any L > Lq. The estimates (I45|l and H47II combined with 148(1 imply 
that Ui converges to a Yamabe minimizer u e C^(X) n L^' {X) with 

/^ u^-^dajj = 1 in the C^-topology on each X{i) for i = 1, 2, . . .. Moreover, 
u satisfies 

n — 2 

u<C-t ~ on Zx[l,oo), 

(49) 
-a„AgM = r^''^(X)w^ on X. 

-. — , min u > > 0. Consider the function 

\'i\Y^y\x)\l ^x{i} J 

71-2 

W — C_-t 2 _ y 

on Z X [1, oo). It then follows from l(^ that 



4C^ V 
\Yi'\x)\ 



4C^^ V 



•1 + 2 
U ^ 1^1 11 I / Ti-2 \ -, 



UC-t-^j -u^^\ onZx[l,oo), 
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and wj^xli} ^ Oj liin mi^jt) = 0. The maximuiii principle now implies 
that 

w^C_-t^^^—u<0 on Zx[l,oo). 

This completes the proof. D 

Remark. Let {X, g) be a cylindrical manifold with tame ends Z x [0, cxa) 
and h = doog G 7?.iem(Z) a metric with X{Ch) > 0. We emphasize that 
the "strict" generalized Aubin's inequality Y,-^ {X) < Y,'^,j^^2]iZ x R) is 
a crucial condition for the above solutions of the Yamabe problem. In the 
case when 

Y^XiX)=Y^ltt4ZxTl), (50) 

ProDOsition l5. II implies that the Yamabe problem can not be solved in gen- 
eral. Hence, it is a natural problem to characterize conformally cylindrical 
manifolds {X,g) satisfying (|5()|l . In the next section, we solve this problem 

>^'f(X) = Y^y' 

[g\ V y [h+dt^ 



in the supremum case, i.e. when Y,-^ (X) = Yy^,j^^2]iZ x R) = Y{S"). 



6 Canonical cylindrical manifolds 

Let (Z, h) be a closed Riemannian manifold of dim Z = n — 1 > 2 with 
A(£/i) > 0. Throughout in this section, we also assume that Z is connected 
(unless we specify otherwise). First, we study the Yamabe problem on the 
canonical cylindrical manifold (Zx R, /i = h + dt^). Clearly, canonical cylin- 
drical manifolds do not satisfy the strict generalized Aubin's inequality in 
Theorem l5.2l Instead, these Riemannian manifolds are invariant under par- 
allel translations along the i-coordinate. Using this symmetry for the renor- 
malization technique, we solve the Yamabe problem under the conditions 
A(£/j) > and Y.'^ (Z x R) < Y{S"). Second, we characterize canonical 
cylindrical manifolds which satisfy the supremum condition 

y|f(ZxR) = y(5") 

Furthermore, we characterize general cylindrical manifolds {X, g) which sat- 
isfy 

Y^g{'{X) = Y^;y_^^^2^{ZxR)=Y{Sn. 

Recall that there is no Yamabe minimizer for any canonical cylindrical man- 
ifold {Z xll^h = h + dt^) with X{Ch) = 0. Hence we consider only the case 
KU) > 0. 
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Theorem 6.1 Let (Z x R, /i = h-\-dt^) be a canonical cylindrical manifold 
of Aim{Z X R) = n > 3 with X{Ch) > 0. Assume that 

rcyl 



r^f (z X R) < y(5") = r[,?;+,,.](5"-^ x r) 



-1.2/ 



Then there exists a Yamabe minimizer u £ C^{Z x R) n Lr' (Z x R) with 
u"-^daj^ — 1 such that 



ZxR 



_ vcylf 



0(zxR,s)H=y|r(^xR). 

Furthermore, for any constant a > satisfying < a < (mmz ifih)' 
-L-id there exist constants C, C > and i > such that 

C-e-"«l*l <u{x,t) < C-e-'^l*! 



for {x,\t\) £ Zx[£,(X)), where Oq ~ \/ ^ ' ■ Here C — C{a,n, \{Ch):mm(ph), 
C_ — C_{n,X{Ch),m^ii(ph, min u), I — £{a,n, X{Ch),^^^h,u), and the 

z Zx{0} z 

constants C, i also depend on Yfj^ ,2]{Z x R). In particular, the Yamabe 

4 _ 

metric g — u"-^ ■ g on Z x R is an almost conical metric. 

Proof. As in Convention 15.61 we may assume that i?min — niin^ _R/i > 0. 
By the assumption that Y := Y^^^\Z x R) < Y{S"), there exists Lq » 1 
such that 

Ql ■■= ^^ inf Q(z.n.h)if)<Y{Sn, 

/=0 on Zx((-oo,-L]u[i,oo)) /'c-l^ 

0<Y <Ql<2Y 

for any L > Lq- Then, 

Ql^Y as L^oo. (52) 

Note that the metric h — h + dt^ is invariant under parallel transla- 
tions along the i-coordinate. Using a similar argument to the proof of |4()l 
Chapter 5, Theorem 2.1] and this symmetry for the renormalization tech- 
nique, we obtain that for any L > Lq there exists a nonegative function 
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UL e C°{Z X R) n C°°{Z X {-L, L)) such that 

JZxR 



ul > on Zx{—L,L), ul = on Z x ((— oo, -L] U [L, oo)), ('53) 

n + 2 ^ ' 

-anAf^UL + RhUL = QluI^" on Zx(-L,L), 
. Ul < K on Z X R, 

where -K > is a constant independent of L. 

By using a parallel translation along the i-coordinate for each L > Lq, 
we may assume that 

ul{xl,0) — maxuL < K, (54) 

where xl G -^^ In this case, the support Supp(ui) may be no longer equal 
to Z X [—L,L] (as in ifSl^ '). However, clearly Supp(ul) C Z x [— 2L, 2L], 
and diam(Supp(u)) — 2L —^ 00 as i — > 00. 

Set Supp(ml) = Z X [II — 2L,tL], where t^ > for any L > Lq. By 
taking a subsequence if necessary, there exist constants T~,T~^ e [— cx),oo] 
with T^ < T+ such that 

T- = lim (tL - 2L), T+ = lim i^, 

L — )-00 L — *oo 

-00 < T- < < r+ < c». 

Clearly if T^ > — cxi (resp. T+ < cx)), then r+ = cx) (resp. T^ — —00). 

We consider only the case T^ — cxd since the argument in the case 
T^ — —00 is similar. Then the properties H51|l - (|54() allow us to apply the 
LP and Schauder interior estimates to conclude that 

ll'«L||c2.°(Zx[T-(fe),fc]) < C'{k) 

for any L >> 1 and k = 1,2, . . .. Here 

... _ J -fc if T" = -00, 

^^ " I T- + i if T- > -00, 

and each constant C{k) is independent of L. Then we use the argument 
of diagonal subsequence to obtain a subsequence {ulj} and a nonnegative 
function u € C°{Z x R) n C°^'{Z x {T^,oo)) such that ul^ ^ u in the 
C^-topology on each cyhnder Z x [T^(fc), k]. Here m = on Z x (—00, T~] if 
T^ > —00. Furthermore, the nonnegative function u satisfies the equation 

- a„A,-u + i?/iM = Fu^ on Z x {T^,oo). (55) 
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Combining (|54ll and (|55ll with |1(J[ Proposition 3.75], we have that u > or 
u = Oon Z X {T-,oo). 

Now we recall that F > by PropositionEZIand Y <Ql < 2Y. Then 
at the maximum point {xl, 0) for ul, 

..(x.,o)>(^^-j >(^^j >o. 

This implies that u > on Z x (T^, oo), and hence u e C^{Z x (T^ .oo)). 
We notice also that 

< / w^-^daji^ < lim inf / u£, ^dc/j — 1. 

JzxR Lj^ca JzxR ' 

If fzxn'^'^^^'^'^h < li then Q(zxR./i)(") < ^ from (|S5|l . This contradicts 
the definition of Y, and hence 

u^daj^ = 1. (56) 

ZxTL 

Then we have 

Y = QiZxR,h)iu) ^ ,, inf Q(zxR.h)if) ■ 

/=0 on Zx(-oo,T"] 

Applying a similar argument in the proof of Proposition 15 . 81 directly to the 
minimizer u with (|55|l and H56|) . we obtain that 

u{x,t) ~ o{l) as t — > oo. 

To complete the proof, we have to show that T~ = — cx). Suppose that 
T^ > — oo. By the boundary regularity for the Yamabe equation, we notice 
thatw|2x[T-,oo) e C°°{Zx[T-,oo)).li^ EE on Zx{T-}, then M satisfies 

71 + 2 

—an^hU + RfiU — Yu"-^ on Z X R 

in the distributional sense. Then the standard elliptic regularity implies that 
u e C°°{Z X R), and thus u > or u = on Z x R, and hence T~ — — oo. 
If % ^ on Z X {T^}, we define a Lipschitz function u^ by 

u{x,t) if t>T- +e, 

Ue{x, t) = { u{x, \(t + T- +e)) a T- -e <t<T- +e, 
a t>T- -e. 
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* R 



r"-£ T~ T'+e 

Figure 11: The function Ue{x,t). 



Then we have 



^ \JZx{T-} 



du 

'at 



and Iju^ll 2,1 = ||u|| 2^ 

L"^iZxR) L?^^(ZxR) 

h ^ ' h ^ ' 



dah\ £ + 0{e^), 



and hence 



'3(ZxR,/i)("e) — Q(ZxR,/i)(") 



1^ Z' f l*ipj„ 

2"" \^Jzx{T-} I at I "^'1 

L?^^(ZxR) 

ft ^ ' 



e + 0{e'^) <Y 



for < e << 1. This is a contradiction. Therefore, T" = —oo. 

The above argument also imphes that for each i > 1 there exist con- 
stants L^ , L'f and nonnegative functions 

M, eC"(ZxR)nC^(Zx (L-,L+)) 

such that Ui ^ M in the C^-topology on each cyhndcr Z x [— j, j] for j — 
1,2,.. ., and 



hm Lj = —00, hm L'l = 00, 

i — *oo J, — >oo 

Q(ZxR,;i)K) =Qt -^ ,, inf 



Q(ZxR,h){f)^ 



/eLi'^(ZxR),/^0, 
/=0 on Zx((-oo,L^"]u[L+,oo)) 

Ti + 2 

anAf^Ui + RhUi = QiU^'^ on Z x {L^ ,Lf), 

In 

IzxR^i^^ ^'^h ~ 1: Wi < iiT on Z X R. 

Hence the decay estimate of u follows from a similar argument to the proof 
of Theorem 15. 131 This completes the proof of Theorem 16. II D 



Next, we show the following. 
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Theorem 6.2 Let (Z x R, /i = h-\-dt^) be a canonical cylindrical manifold 
of Aim{Z X R) = n > 3. Assume that 

Y^^\Z X R) = y(5") = Y(;^y^^^^^^{S-' X R) 

Then {Z,h) is homothetic to the standard sphere S"^^{1) — {S"'~^,h^). 

As a corollary, we also obtain the following. 

Corollary 6.3 Let {X,g) be a cylindrical manifold of dim X = n > 3 with 
tame ends Z x [0,oo) and dcog = h d TZ[em{Z). Let Z = \_\^^i Zj, where 
each Zj is connected. Assume that 

Y^fiX)^YiSn. 
Then there exist k points {pi, . . . ,Pk} in 5" such that 
(i) each manifold {Zj,hj) is homothetic to (S'"^^,/i+), 
(ii) the manifold {X, [g]) is conformally equivalent to the punctured sphere 

(5"\{Pl,---,Pfe},C'can). 

Here hj = h\z- and Ccan denotes the canonical conformal class on S^ . 
Proof of Corollary 16. 31 We first notice that Proposition 12 . 1 II implies 

ygi'ix) < Y^y^^^^^iz x r) = ^y^;^^^, x r), 



Y(H'LAz,^'i^) = y{sn 



and hence 

for j — l,...,k. Then Theorem 16.21 implies that {Zj,hj) is homothetic 
to (iS'""^,/i+) for j = l,...,k. By the definition of cylindrical manifold 
modeled by (S'"~^,/i+), there exists a smooth conformal compactification 
{X,C), X = X U {pi, . . . ,pk}, of the conformal manifold (X, [g]) such that 
Y^{X) = Y,-^{X). Here Y^{X) stands for the Yamabe constant of the 

closed conformal manifold {X,C). 

By Schoen's Theorem M. Theorem 2] (cf. [SHI and [El, EH, mi), the 
equality Yij{X) = Y{S") implies that {X,C) is conformally equivalent to 
(5'", Ccan)- Hence {X, [g]) is conformally equivalent to the punctured sphere 

(5"\{pi,...,Pfc},Cca„). n 

For the proof of Theorem 16.21 we first prepare several lemmas and propo- 
sitions. Let r be a spherical space form group acting freely on S'"^^(l) by 
isometrics. Let denote by S'"^^(l)/r the spherical space form, that is, the 
smooth quotient of S'"^^(l) by F. 
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Lemma 6.4 Let {Z xti^h — h + dt"^) be a canonical cylindrical manifold of 
dini(Z X R) = n > 3 with X{Ch) > 0. // the manifold (Z x R, [/i]) is locally 
conformally flat, then (Z,h) is homothetic to a smooth quotient S'"~^(l)/r 
ofS"-\l). 

Proof. First we assume that n > A. Let W|^ = (Wap-ys) denote the Weyl 
curvature tensor of the metric h, where a,(3,j,S = 0, 1, ... ,n — 1. Here 
the index corresponds to the i-coordinate, and the indices 1, . . . ,n — 1 
correspond to local coordinates x = {x^, . . . , x"^^) on Z respectively. Then 
we obtain that 



= Woioj = 



n^ \^v ;i3r%j - ;r^ \^v ;r^^yj (57) 



for all 1 < i,j < n — 1. Here {Rij) and {Rij) denote respectively the 
Ricci curvature tensors of the metrics h and h. Then (|57|l combined with 
A(£/i) > implies that h is an Einstein metric of positive scalar curvature 
on Z. We use this to obtain that 

= Wijke = Rijke — -, -tt T^rihikhje — huhjk) 

{n~ l)(n- 2) 

for all 1 < i, j, A;,^ < n — 1. The right hand side of the above equation is 
nothing but the concircular curvature tensor of h. Thus /i is a metric of 
positive constant curvature, and hence {Z, h) is a homothetic to a smooth 
quotient 5'"-i(l)/r of ^"-^(l). 

Next we consider the case ti = 3. Let 



B^ — [Bap^j — [ {y-fRap — ^pRa-/) — -{{d^Rh ' ^ap — dpR^ ' h^y _ 



denote the Bak tensor of h. Then 



— -Bqoi — —-rdiRh — --rdiRh 

for i — 1,2. This identity combined with the assumption \{Ch) > and 
dim Z — 2 implies that ft, is a metric of positive constant Gaussian curvature 
on Z . Therefore, [Z, h) is homothetic to either S'^(l) or the projective space 
RP2 ^ 5'2(1)/Z2. D 

Proposition 6.5 Under the same assumptions as in Theorem W.'A we also 
assume that (Z x R, /i = /i + dt^) is locally conformally flat. Then {Z, h) is 
homothetic to the standard sphere S'"~^(l). 
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Proof. The condition Y^^^Z x R) = Y{S") > implies that X{Ch) > 
0, and hence from Lemma 16.41 {Z, h) is homothctic to a smooth quotient 

5'"-i(i)/rof S'"-i(l). 

Let hr denote the metric on S'"^^(l)/r induced by the metric /i+, 
i.e. (5'""Vr,/ir) = S'""^(l)/r. Then we notice that the first eigenvalues 
X{£h+) and \{£hr) are equal. 

Now we use the above remark and ProDOsition l2 . 1 21 to get the estimate 



Y^yUzxRXYis-) (^ v»i(g"'Hi)/r) \"_y(g") 



where |r| denotes the order of P. If |r| > 2, then Yg^^^^Z x R) < Y{S"), 
which contradicts the assumption. Therefore |r| ~ 1, and hence {Z,h) is 
homothctic to S"-'^{1). D 

Remark. The above argument implies that Y,'f^ .^^2]i{S"^^ /T) x R) < 
y(S'")/|r|" for any spherical space form group T. Moreover, combining 



this inequality with ^Sj^Vdt^i ("S*""^ x R) = F(5"), we then obtain that 



^[r.+.*^]((5"-Vr)xR) = I^. 

When dim(Z x R) = n > 6, the following result combined with Proposition 
16.51 completes the proof of Theorem 16. 21 

Proposition 6.6 Let {Z xll,h = h + dt"^) he a canonical cylindrical man- 
ifold o/ dim(Z X R) = n > 6 with \{Ch) > 0. Assume that the manifold 
(Z X R, [h]) is not locally conformally flat. Then 

Y^^\Z X R) < Y{S-) = r[,?;+,,.j(^"-^ X R). 

For the proof of Proposition 16.61 we first recall the following useful result 
(see 113 Theorem 5.1] and [n|, [22|). 

Lemma 6.7 (Conformal normal coordinates) Let {M,g) be a Riemannian 
manifold and p a point in M. Then there exists a conformal metric g G [g] 
on M such that 

dag = dx := dx^ A • • • A dx", i.e. Aet{gij{x)) = 1 

in a g-normal coordinate neighborhood. Here x ~ (a;^, . . . , x") denotes g- 
normal coordinates at p. 
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Proof of Proposition I6.6L Since {Z x 'R.,h = h + dt^) is not locally 
conformally flat, there exists a point p — (a;o, 0) £ ZxR such that |VF;i(p)| ^ 
0. Let g S \h] be a conformal metric on Z x R such that 



dan 



dx on Bp„{Q) = {\x\ < po} , 



where x = {x , . . . , a;") are ^-normal coordinates at p. Similarly to Aubin's 
argument in [H| (cf. |27l Theorem B]), we construct a family of test functions 
as follows. Let {uej^^o ^^ ^^^ family of positive functions on R" given by 



UsiX 



for a; e R" 



i.e. {ue}^yQ are the instantons on (R" = S"" \ {point} , Ccan) centered at 
x = 0. Let p > be a small constant with 2p < po, and 77 a smooth cut-off 
function of r = |a;| which satisfies 

ri{x) = 1 for |x| < p, 
r]lx) = for |x| > 2p, 
IV77I < ^ for p < |a;| < 2p. 

Set V'e = *? • We on Z X R for e > 0. Then we have the following estimate 
(see 1^ Proof of Theorem B] for details): 



Q(ZxR,g)(V'e) < 

r(5^) + —-. 



1 



r(5") 



and < IIV'e 



1 



ll^e 



'(ZxR) 



c6.|iyg(p)|^enog(l/e) + 0(£^) 



c„-|T^g(p)|V + o(e4) 



if n = 6, 



if n > 7, 



I ^^ < K for any small £ > 0. Here cg, c„ and K denote 

Lg^^ (ZxR) 

positive constants depending only on n. Recall that |Wg(p)| ^ 0. Choosing 
e > sufficiently small, we obtain that 



QiZ.Tl,gMe)<Y{S'-). 



(58) 
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Then it follows from ^^ and Fact 12.21 that 
Y.lfiZxK) = inf Q(zxiih){f) 



This completes the proof. Q 

Now we consider the remaining case when n = 3,4,5 in Theorem IS. 21 We 
start with the existence and uniqueness properties of minimal Green's func- 
tions of the conformal Laplacians in dimensions n > 3. 

Lemma 6.8 Let (Z x R, /i = h + dt'^) be a canonical cylindrical manifold of 
dim(Z X R) — n > 3 with X{Ch) > 0. Let p G Z x R be an arbitrary point. 
Then there exists a unique normalized minimal positive Green's function Gp 
(with pole at p) of the conformal Laplacian L^ on Z x R. Namely, for each 
point p G Z X R the Green's function Gp E C^{{Z x R) \ {p}) satisfies the 
following properties: 

(i) L^^Gp = /3„ • 5p, where /3„ = A{n - l)Vol(S'"-2(i)) > q, and 5p is the 
Dirac S-function at p. 

(ii) Gp>0 on{Z xR)\ {p}. 

(iii) If Gp e C°°{{Z X R) \ {p}) is a normalized positive Green's function 
(i.e. G' satisfies the conditions (i) and (ii)j, then G' > Gp. 

Proof. Let Gp be any normalized positive Green's function with pole at p 

of L^. We notice that for u e C^{Z x R) the function u{p)'^^^ ■ u~^ ■ Gp is 
also such a normalized positive Green's function of the conformal Laplacian 
L^, with respect to the metric h :— w>-2 -h. Using this observation combined 
with \{Ch) > 0, we assume that i?^ > on Z (as in Convention 15. 6|l . We 
may also assume that p — (a;o,0) G Z x R. Then, since Rh > 0, for each 
I > 1 there exists a unique positive Green's function 



G^'^ e C^{{Z X (-i,i)) \ {p}) n G"((Z X [-i,i]) \ {p}) such that 

\ h^G^'^ = Pn -Sp on Z X {-i,i), 
\ G^^ =0 on Z X {±i} . 
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For each Gp we use the normahzation condition L^Gp = Pn' Sp to obtain 
the following expansion in a fixed normal coordinate system x centered at 
the point p: 

GW(a;) = |x|2-"(l + o(l)) as \x\ ^ 0. 

Then by the maximum principle, for any i > 1, 

G^;^ < G^;+^^ < G^;+^^ <■■■ on Zx [-i, i]. 

We set S^ — [— 1, l]/{_i}^{i}. Let N denote the closed manifold Z x S^, 
and let g be the metric on N induced hy h = h + dt^ via the Riemannian 
submersion $ : (Z x R, /i) ^ (Z x S^,g). Then the condition \{Ch) > 
implies that the first eigenvalue A(Lg) > 0. Hence there exists a unique 
normalized minimal positive Green's function Gp of Lg on N with pole at 
p, where $(p) = p. The maximum principle also implies that 

GW <<^*Gp on Z-x [-i,i] 

for any i > 1. Then by Harnack's convergence theorem, there exists a nor- 
malized positive Green's function Gp with pole at p of L^ on Z x R such 

that the sequence < Gp \ converges uniformly to Gp on each cylinder 

{Z-x- [-j,j])\Bi/j{p]h), where 

B^/j{p- h)^{xeZx'R.\ dist;,(p, x) < 1/j} . 

Now, by the construction of the Green's function Gp and the maximum 
principle, Gp is a normalized minimal positive Green's function of L/- with 
pole at p. The uniqueness for such Gp follows directly from the minimality 
condition (iii). D 

Remark. Let l: ZxH^ZxH denote the involution defined as i{x, t) = 
{x, —t). Let o = {xq, 0) £ ZxRbe apoint. Since i,*h = h, the uniqueness of a 
normalized minimal positive Green's function implies that Go is i-invariant. 

Similarly to Theorem 15. 131 we obtain the following. 

Lemma 6.9 There exist positive constants a < b, Ci < G2 such that 

Gi-e-^l*l <Go(a;,i) <G2-e"''l*l on Z x ((-00, -1] U [1, 00)). (59) 
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To proceed further, we set Sj = [— 2^, 2^]/{_2''}~{2*} for ^ — 1,2,.... Let 
Ni denote the closed manifold Z x Sj, and let gi be the metric on N^ 
defined via the Riemannian submersion $^ : (Z x R, /i) -^ {N(,gi). Let 
Gi be the normalized minimal positive Green's function of L^^ with pole 
at o = $^(o) S N^. Then we have the following fact (see 001 Chapter 6, 
Proposition 2.4] for the proof): 

Lemma 6.10 Let Ti C Tri(Ni) denote the deck transformation group of the 
covering <&£ : Z x R — > A'f . Then 

^*Gi = Y, l*Go on (Z X R) \ {o} . (60) 

From now on, we assume that dim(Z x R) = n = 3, 4, 5. Let o = (xq, 0) € 
Z X R be a fixed point and G = Go the normalized minimal positive Green's 
function given in Lemma l().8l Below we suppress the dependence of G = Go 
on the point o. 

We set X = (Z X R) \ {a} with the metric h = G^- ■ h. Then the 
condition L^^G = Pn^o implies that 

Rj, = Q on X. (61) 

Let a: = (x^ , . . . , a:") be conformal normal coordinates at o = (xo, 0) G ZxH 
satisfying 

dai^{x) — dx. 

Then we use Lemma 6.4 and Theorem 6.5 in [22] to obtain the following 
result. First, we need some notations. We denote by V for the covariant 
derivative with respect to the metric h. Then we write / = 0"{r^) to mean 
that / = 0{r''), V/ = 0{r^-'^) and V^/ = 0{r''''^) (following the notations 
from "57"). 

Lemma 6.11 In the conformal normal coordinates x — {x^), the Green's 
function G has the following expansion: 

G{x)=r^-''+A + 0"{r), A = const. (62) 

Furthermore, in the inverted conformal normal coordinates y = {if = r^'^x^), 
the metric h has the following expansion: 



hiy) = 7(2/)^!('5y+0"(p-2)) 
where p — \y\ = r^ 



jiy) ^ l + V-" + 0"(pi~"),- ^^^^ 
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A similar argument to the proofs of '33', Theorem 1] and "50", Chapter 5, 
Theorem 4.1] implies the following. 

Proposition 6.12 If A > m ^, then Y^l^\z x R) < r(5"). 

Now we notice that H61(l and H63(l imply that {X, h) is a scalar-flat, asymp- 
totically flat manifold of order 1 (if n = 3), and of order 2 (if n = 4,5). 
We emphasize that {X, h) has two almost conical singularities and h is l- 
invariant, see Fig.^J We notice that in this case the mass m — m{h, (y*)) 



Figure 12: The manifold {X,h). 
is well-defined in the standard way: 

m(/i, {y')) = lim . ^^_^. / Y^ (^^h^J - djh^\ 9^- j dy. 

B.^oo Vol(5" ') Juv\=m n^. ^ ' 



ij = l 



We emphasize that the mass m{h) = m{h, (j/*)) depends only on the metric 
h, see ^^ Theorem 4.2]. However, for any large constant L > 0, the region 
{X X [—L,L]) n X is not convex with respect to the metric h. Hence we 
cannot apply directly the technique (developed in |37|) for asymptotically 
flat manifolds with many ends to proving that the mass m > 0. 

We also remark that if n = 3 or ft, is locally conformally flat near o, 
then h has the following expansion: 

h,,{y) = (^1 + -1^ V-") -5,, + 0"(pi-"). 

Then the mass m(/i) = m{h, (y*)) is given as 

mCh) = 4:{n - 1)A. (64) 

Even if h is not locally conformally flat on any open set inside of Z x R, 
the equality ^^ still holds (if 3 < n < 5), see |17| Lemma 9.7]. 
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The following result is a version of the positive mass theorem for the 
asymptotically flat manifold (X, h) with almost conical singularities. 

Theorem 6.13 (First part of the positive mass theorem) Let {X,h) be 
the asymptotically flat manifold with two almost conical singularities and 
dimX = n = 3,4, 5, as above. Then 

A>0. (65) 

4 

Proof. Let Ne — Ni\ {o}, where o = ^i{o), with the metric ge = G^^^ ■ ge 
for £=1,2,.... Since $£ is a local isometry near o with respect to h and gi, 
we can use the same conformal normal coordinates x = (x^) near 6 di Ni. 
Then each Green's function Ge has the following expansion: 

Gi{x)^r^-'' + Ai + 0"{r), A<? ee const. (66) 

The mass of the asymptotically flat manifold {Ni^gi) is also given by 

m{gf) = 4(n-l)A£ 

It then follows from the positive mass theorem gUllSIlEHl (cf. [HI and 177)1 
that 

Ai>0 for any £ > 1. (67) 

Under the identification ^i\zyc\-2'^.2''] and using that l*Gi — Gi, we may 
regard Gi as a function on Z x [—2^,2^]. Then the maximum principle 
combined with (|60|) implies that 

Ge>Ge+i>--->G>Q on (Z x [-2^ 2^]) \ {o} . (68) 

Hence {Gi} converges uniformly to G on each cylinder {Zx[—i, i])\Bo{l/i; h). 
The estimate (j3^ and the properties f^U\i . (|^ give that 

G{x) <Geix)<G{x)+^'~^^''' ° 



1 - e--^-^' 
for £ >> 1. We then obtain that 

\G{x) - Ge{x)\ < G ■ e""-^' on Uo\{o} (69) 

for £ >> 1. Here Uo denotes a coordinate neighborhood cenered at o and 
C > is a constant independent oil and x. From H62|l and (|66|l . the function 
G{x) — Gi{x) is smooth on Uo- Thus by letting |a;| ^ in l|^. we obtain 

\A-At\ KC-e-"-^' for £ » 1, 



K. Akutagawa, B. Botvinnik, Yamabe metrics on cylindrical manifolds 77 

and hence by letting i' ^ cxd, we prove that 

A = hm Ae. (70) 

Therefore, it foUows from ((HZJ) and (EOJ) that A>0. D 

Proposition 6.14 // the metric h — G"^^ • h is not Ricci-flat on X, then 
A> 0, where A is the same constant as in (|62|l . 

Proof. For any symmetric 2-tensor S = (Sij) with compact support in 
X = {Z X IV) \ {a}, we define the family of smooth metrics 

h'' = h + s-G-^^ -S on ZxR 

for small s > 0. Notice that h'^ is no longer a product metric on Z x R for 
s > 0. However, the arguments in Lemmas 16 . 81 16 . 91 16 . 1 01 IfTTTl and Theorem 
16.1^^1 are still valid since Supp(S') is compact in X. Hence there exists a small 
constant (5o > such that the following holds: 

For any s with < s < Sq there exists a unique normalized minimal positive 
Green's function G"* with pole at o of L^^ on X such that G^ has the 
expansion (as in (|62|) ); 

G%x) = \x\^-" + As + 0"i\x\), As = const > 0. 

Then we can apply the argument |84[ Lemma 3] to proving that ^ > 0. D 

From Propositions 16.121 16.141 and Theorem 16.131 in order to complete the 
proof of Theorem 16. 21 it is enough to show the following. 

Proposition 6.15 Under the same assumptions as in Theorem \6.L'A we 
also assume that h is Ricci-flat 

Ricf^ = on X = {Z x'R)\{o}. (71) 

Moreover, assume that A — in (|65|l when n = 3. Then [X, h) is isomet- 
ric to R" \ {2 points} with the Euclidean metric. In particular, {Z,h) is 
homothetic to the sphere ^"^^(l). 

As a complementary assertion to Theorem l6.13l we also obtain the following. 

Theorem 6.16 (Second part of the positive mass theorem) Let {X,h) be 
an asymptotically flat manifold with two almost conical singularities and 
cliraX = n = 3,4, 5, as above. Then if A — 0, then {X,h) is isometric to 
R" \ {2 points} with the Euclidian metric. 
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Proof of Theorem 16.161 The condition A = combined with Theorem 
16.131 and Proposition 16. 141 impUes that h is Ricci-flat on X. It then follows 
from Proposition 16 . 1 51 that {X , h) is isometric to R" \ {2 points}. D 

Proof of Proposition l6.J51 Recall that, in the inverted conformal normal 
coordinates y — (y^, . . . , y"), the metric h has the following expansion (n = 
3 with A = or n = A, 5): 

hi]{y) = S.,j + 0"{p~'^) as p = \y\ -^ oo. 

We choose a sufficiently large Lq > and fix it. Set Xq = Xr\{Zx [—Lq, Lq]). 
Let Lg'^{Xo) denote the weighted Sobolev space with weight i5 S R on 
(Xq, h; (y*)), fc = 0, 1, 2, 1 < _p < oo, defined in T^. We need the following 
result to complete the proof of Proposition 16.1 51 

Lemma 6.17 (Harmonic coordinates near infinity) Let e (0 < e < 1), 

q > n and r (| < t < 2) 6e positive constants satisfying q > jz— ■ Then 
there exist smooth functions z* e C°^'{Xq) for i ~ I, . . . ,n such that 



' Af^z' ^0 on Xo, 
^ = on dXo, 

I y'-z^ = 0"(p-(i--)) as p=\y\ 



(72) 



Here v is the outward unit vector field normal to the boundary dXg with 
respect to the metric h. In particular, z = (z*) are harmonic coordinates 
near infinity. 

Proof of Lemma 16.1 71 We extend each function y' to a smooth function 
on Xq satisfying ^ = on OXq. We notice that 

A^y' = /i^'^f;., - 0'(p-3) on Xo. 

Here we write / = 0'{p'') if / = 0{p'') and V/ = 0{p''-^). 

Modifying the L"-^ -theory in j37i Lemmas 3.1, 3.2] and using the 
L*-estimates in the linear elliptic theory, we can show the following: 

Claim 6.18 There exist unique smooth functions u* G L'^{Xq) such that 

A,-y = A^y' = 0'(p-3) on Xq, 

^^0 on dXo, 

u* = 0"(p-(i-^)) as p^oo. 
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Then the weighted Sobolev estimate j^ Proposition 1.6] and the scale- 
broken estimate ^^ Theorem 1.10] imply that u* G L-^'^^{Xo). Set z' = 
y^ — u^ E C°°{Xo)- Then the functions z ~ (z^, . . . , z") satisfy the properties 
(|72|l . This completes the proof of Lemma [6.171 D 

We return to the proof of Proposition 16.151 Let z — (z^,...,z") be the 
harmonic coordinates near infinity of Xq obtained in Lemma 16.171 Then 
the Ricci-flatness of h combined with ^^ Proposition 3.3] implies that, in 
the harmonic coordinates z = (z*), the metric h{z) — {hij{z)) satisfies 

hij (z) - 6ij e L^'f^(Xo), i,j ^l,...,n (73) 

for any ij > n — 2. It then follows from (|71|l . (|73() and |14[ Theorem 4.3] that 
the mass m.{h) = m{h, (z^)) — 0. 

Now we can apply the Bochner technique to complete the proof. The 
harmonicity of (z*) implies that {(iz*} are harmonic 1-forms on {Xo,h). 
From the Bochner formula for 1-forms (z*) and the condition that ^ = 
on OXq, we obtain that 



V / \\vdz'f + mcf^{dz\dz') 

i^^Jxon{\z\<R} L 

n „ 

V/ y''{dz\Vjdz')dk-idaf^ 



d'^h = 



(74) 



jj=i 



for any i? >> 1. Letting i? ^ oo in H74|) and using the Ricci-flatness Ric^ = 
on X, then we have 



^ Y^ / IV7J.,i|2, 



"(")- voi(5»-Hi)) ^yxj^'^'""'" ^''^ 

see ^ Theorem 4.4] or [221 Proposition 10.2]. Now we use that m(/i) = 
in (|75|l . Then we obtain that the 1-forms {dz*} are parallel on Xq with 
respect to h. Since the coframe {dz'} is orthonormal at infinity, then {dz'} 
is a parallel orthonormal coframe everywhere on Xq. This implies that the 
map z = (z^, . . . , z") : {Xq, h) -^ R" is a local isometry, and hence h is 
locally conformally flat on X. From Lemma f6. 41 {Z,h) is homothetic to a 
smooth quotient S'"-i(l)/r of S'^-^l)- 

Claim 6.19 The manifold {Z,h) is homothetic to S"^^{1). 
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Proof of Claim I6.19L Let l: ZxR^^ZxRhe the involution given 
by t(a;,t) — {x, — t). Recall that G is t-invariant, and hence the metric h = 

— 4 — 

G"-2 • /i is an t-invariant metric. This implies that {Z \ {xq}) x {0} is a 
totally geodesic submanifold of {X, h). Using this fact and that z is a local 
isometry, we conclude that the restriction z to (Z \ {xq}) x {0} is a global 
isometry onto a hyperplane in R". Hence {Z,h) is homothetic to S'"~^(l). 

n 

From Claim I^TDl the manifold {X, h), h — G"^^ ■ h, is conformally equiva- 
lent to R"\{2 points} with the Euclidean metric go. Under the identification 

4 — 

X = R" \ {2 points}, the metric go is represented as go = G"-^ ■ h on X. 
Here G is a normalized positive Green's function with pole at o of L;^, which 
satisfies G{x,t) = o(l) as \t\ — s- cx) for {x,t) £ Z x H. Using the maximum 
principle combined with the minimality of G and the normalization for G 
and G, we obtain that G = G on X. Hence h = go on X. This completes 
the proof of Proposition 16. 151 D 



7 Appendix 

Let {X, g) be a cylindrical manifold of dimX = n > 3 with tame ends 

Z X [0, c») and d^og ^ h £ TZiem{Z). Here we study some properties of the 

conformal Laplacian Lg, and its relationship to the constant ¥,1^ (X) and 

the sign of the scalar curvature Rg of a conformal metric g G [g]. In the case 

of a closed conformal manifold {M, C) , the signs of the first eigenvalues of 

Lg and Lg for g,g £ C are identical. Since {X, g) is not compact, L^ has no 

first eigenvalue in general. Instead, we consider the bottom of the spectrum 

of ILg , defined as 

p - ( f^ 
A(Lg) := mif^Ll-\x), /^o W, ' ^^i^re 

E^xjj){f) = Jx[c^n\df\^ + Rgf']dag. 

It is easy to show that A(Lg) > — cx) since g — h + dt^ on Z x [l,oo). Indeed, 
one has the following estimate 



A(Lg) > niini?g = min < min i?g, mini?;, > > — oo. 
" X ^ {x{i) ^ z J 

Similarly to the case of closed manifolds, the sign of A(Lg) is uniquely de- 
termined by the conformal class [g\ provided that g is a cylindrical metric. 
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Proposition 7.1 Let C be a cylindrical conformal class on X and g,g G 
C n TZieni'^y^{X) two cylindrical metrics. Then A(Lg) and A(Lg) have the 
same sign or are both zero. 

Proof. The proof of the foUowing statement is straightforward. 

4 

Fact 7.1 Let g = ip"-'^ ■ g (here g and g are not necessarily cylindrical), 

_ Tl + 2 

where (p £ C^{X). Then tg ^ (f ^^^ ■ LgOip, and E(^x,g){fl) = E(^x,~g){I) 
for any function f € C'^{X). 

2ti 

Clearly we have dag = ip^-^dag. This implies 



4 

(inf^)^ ll^/lli. < ll/lli. < (supv')"" MW 



2 



for any / G C^{X). We proved in Proposition 12.11 that for cylindrical 
metrics g and g with g = ip"-^ ■ g there exists a constant K > 1 such that 
< K^^ <Lp<K<ooonX. This implies the estimate 

Mwi. - mi. -^ ~ ' \wf\\i. ^'"^ 

9 g 9 

for any / G C^(X). It then follows from ^ that 

i^-^A(Lg) < A(Lg) < X^A(Lg). 

This completes the proof. D 

Recall that Y^^ {X) == — oo when \{Ch) < 0. Hence the finitness of A(Lg) 
does not imply that of the cylindrical Yamabe constant Y,-"^ (X). However, 
the signs of A(Lg) and Y,'i^ (X) are still related as follows. 
Proposition 7.2 Let g be a cylindrical metric on X . Then 
(i) A(Lg) >0 if and only ifY^^f{X) > 0, 

(ii) A(Lg) <0 if and only ifYgi^X) < 0. 
Proof. It is enough to prove only (ii). We first note that 

^ ,.. E^xrg){f) E^x.g){f) ll/llij .... 

y(xj)(/) = 777772 = -FT7T12 TT7T12 'y'') 



r 2 

L"-- « LI 



for any / G C^{X) with / ^ 0. This impUes that A(Lg) < if and only if 



YfiX) < 0. D 
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It follows from (i) that A(Lg) > implies X{£h) > for any cylindrical 
metric g with i9oo5 = h. 

For a closed Riemannian manifold {M,g), the following result for the 
first eigenvalue A(Lg) of Lg is well-known (cf. |H1, |24p: 

There exists a conformal metric g G [g] such that the scalar curvature Rg 
satisfies Rg > 0, Rg < 0, or Rg = on X . Moreover, the sign of Rg is 
identical with the sign o/A(Lg). 

Under the assumption X{Cii) > for {X,g), a similar relationship 
holds. 

Proposition 7.3 Let {X,g) be a cylindrical manifold of diraX = n > 3 
with tame ends Zx [0, oo) and h — doag G TZiem{Z) a metric with X{Ch) > 0. 
Then there exists a conformal metric g = w"-^ -g with v G C^{X)C[Lg' {X) 
such that the scalar curvature Rg satisfies Rg > 0, Rg < 0, or Rg = on 
X. Moreover, the sign of Rg is identical with the sign o/A(Lg). 

Proof. By the conformal-rescaling argument below, we may assume that 
A(Lg) < A(£/i). Indeed, if A(Lg) > X{Ch), it is enough to change g to an 
appropriate conformal metric g^p = e^^ ■ g with 

_ rfc = const. >0 on VF = X \ (Z x (0, cx))), 
'^~\ on Zx[l,oo). 

In particular, Lg^ = er"^^ • Lg on W^ and g^p — g an Z x [l,oo). By using 
this combined with X{£fi) > 0, the Dirichlet first eigenvalue A(Lg ; VF) on 
W satisfies A(Lg ; W) < X{Ch) for sufficiently large fc > 0. Hence by the 
domain monotonicity of the Dirichlet eigenvalues, A(Lg ) < A(Lg ; W) < 
A(£/i). Using this and ProDOsition l7.ll we may assume that g itself satisfies 
A(Lg) < XiCh). 

Then the standard argument implies the existence of a positive mini- 
mizer u G C^ (X)nLg'^(X) with A(Lg) = E(x.g) (w)/| |w| |^2 . Hence v satisfies 

— a„AgU + i?gW = A(Lg)v on X, 

4 4 

and thus Rg = X(Lg)v^ ^^^^ for g = w^^^=^ • g. This completes the proof. D 
From Theorem 15 . 21 and Propositions 17.21 17.31 we obtain the following. 
Corollary 7.4 Under the same assumptions as in Proposition \ 7. 5] then 
(i) A(Lg) >0 if and only ifVgi'^iX) > 0, 
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(ii) A(Lg) =0 if and only ifYg^^X) = 0, 

(iii) A(Lg) <0 if and only ifY^^f{X) < 0. 

Proof. From Proposition 17.21 it is enough to prove that A(Lg) = if and 
onlyiiY^lf{X)^0. 

First we assume that A(Lg) = 0. From the argument in the proof of 
Proposition l7.3l there exists a non-zero function v £ C^{X)r]Lg' (X) such 
that E^x,g){'v)/\\v\\^2 — A(Lg) = 0. Using this in lf77|l . we then obtain 

Y(;^fiX)<Q^xr,)iv)^0. 

If Y^'l^^X) < 0, then A(Lg) < by Proposition O (u)- This is a contra- 
diction. Hence, Y^^f{X) = 0. 

Next we assume that Yg^^X) = 0. Note that Y^^f{X) = < XiCh)- 
From Theorem 15. 21 there exists a Yamabe minimizer u e C^{X) n Lg' (X) 
such that Q(x,g)iu) = Y,-^ (X) — 0. Using this also in 177(1 . we then obtain 

'^^^^ - imr - '■ 

If A(Lg) < 0, then Y^':'^'^{X) < by Proposition O (ii). This is also a 
contradiction. Hence, A(Lg) = 0. This completes the proof. D 
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